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. Etter ; ablified 3 in the Tear: 17 34. . . 
Title of the Analyſt, ft gaue Occoſion to the. 
=" enſuing. T; O99; and ſeveral Reaſons concur. 
red to induce me to write on this Subject at./o great 
length. 'The Author of that Piece had repreſented” 
the Method of Fluxions as faunded on falſe. Reaſon- 
ing, and full of Myſteries. Hi Osje(Fions Seemed 1 fo * 
ave been occaſioned ina great meaſure by the conciſe: 

: Manner in which the Etements of this Method have 

been uſually deſtribed; and their having been ſi much 
miſunderſtood by a Perſon of bis Abilities appeared to 
me a ſuſfcient Proof that a . e of be 
& FOUNgs of. them, 0 ee re. 


Thou T4 h there can. bs » Cumpuri ſon 1 id betuurt 
the Extent. or VU/efulne [5 of the ancient and modern 
Diſcoveries in Geometry, yet it [eems to be genera —© 
ty allowed that the Ancients took greater Care, and 
were more ſutceſsful in FA ſerving the Character. 

of its Evidence entire. This ht ined: me, imme 
diately after that Piece came ta my Hands, (and: 5 
before I knew any thing of what was intended by 9. 
rer. 1 anſwer to it * 70 en, to deduce Fhoft EE. 
mente 


* 


* 


mente after the Manner of the Antients, from a 
few unexceptionable Principles, by Demonſtrations 
7 the ſtricteſt Form. In my firſt Eſſay of this Kind, 
1 contented myſelf with demonſtrating the principal 


Caſerof the Propoſttions of the four firſt” Chapters 
of the firſt Book, and of t | firſt Chapter of F e- 
cond- Book-of the following Treatiſe, nearly in tht 


fame Form in which they now appear. But when it 


was communicated to ſome Gentlemen, they expreſſed 
a Deſire that the ſame Method of Demonſtration 


ald be extended to other Branches of this Theory, 


e 
0 - : 4 


"nd that 1 ſhould enlarge the Plan. While I pro. 
ceeded in this Work, I perceived that ſome Rules 


bl 


were defective or inaccurate ; that the Reſolution. of 


- Z * 


ſeveral Problems which had been. deduced in a my- 


ſterious manner, by ſecond and third Fluxions, could 
be compleated with greater Evidence, and leſs Dau- 


ger of Error, by firſt Fluxions only; and that other. 
Problems had been reſolved by Approximations, when 
an accurate Solution could be obtained with the ſame or 


greater Facility. Theſe with other Obſervations con- 
cerning this Method, and its Application, led me on. 
gralualih to compoſe a Treatiſe of a much greater 


. Extentithan I intended, or would have , in, 


if I had been aware of it when I began this Work, 
becauſe my Attendance in the Univerſity. could al- 


Jow.me to beſtow but a ſmall part of my Time in car- 
:ying it on. And as this has been the Occaſion of 
my Delay in publiſhing it, ſo I of it will ſerve for 

au Apology, if ſome Miſtakes have eſcaped me in 


treating of ſuch a Variety of Subjefts, in a man- 


ner aifferent from that in which they have been uſu- 


ally explained. 
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hat they reject. certain Parts 
ES hero infiniteh n 
"A other Parts ; 5 not only, becauſe a K 
re m me Doubt. as to the Accuracy 
* becauſe it may be demonſtrated 1685 
. 10. be weg lected by them. at any 
7 would be an Error to retain them. 
that pretends to 4 ſcrupulous Ex- 
us that he had negletted certain 
Faris found them to be af (+ 
po pear that they ought. 
af0 it en 23 0 into 4 onſuleration_ by him on thy 
- "Derafes bus bela g t0:4 dif Account, we ſhom: 
e Bis ks e as eure. but not "Pio Recs 
ir Method, h 
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Quantity, er the Rate accord ingitq tvbici Nit ies 


rect. W Ve sen. S wh W in ds d. 
„% ˙ ˙àA HANS 
After I found that this Treatiſe could not be con- 

wventently contained in one Volume, I was obliged to 

reprint two Leaves a, 411. &c.) that it might 
be divided into two. I have reprinted likewiſe the 
firſt Sheet, chiefly on account of ſeveral Errors of the 

Preſs that had got into it, and one other Leaf (p. 244.) 
for the ſake of a Paſſage, the Omiſſion of which poſ- 
 febly would: have been miſintepreted. There are ſome 

Demonſtrations in the firſt Chapter of the firſt Book 

that might have been abridg'd, and ſome, perhaps, 

will x dag unneceſſary. I have mentioned the Rea- 
ſons that induced me to mſiſt ſo fully on thoſe ele- 
mentary Parts in Articles 69, 104. 494. and 697. 


. 


Several Treatiſes have appeared while this was in 
the Preſs, wherein ſome of the ſame Problems have 
been conſidered, though generally in a different man- 
ner. I have had Occaſion to mention moſt of them, 
zn the laſt Chapter of the ſecond Book; but had not 
there an Opportunity to take notice, that the Pro- 
blem in 480. has been conſidered by Mr. Euler in his 
Mechanics. In moſt of the Inflances wherein my 


e 1 not agree with thoſe given by other 


ſut hers, I have not mentioned their Names. 
TIF upon the whole, the Evidence of this Me- 
thod be repreſented to the Satisfattion of the Rea- 
der, ſome of the abſtruſe Parts illuſtrated, or any 
| Improvements of this uſeful Art be propoſed, I ſhall 
be under no great Concern, though Exceptions may 
| | be 
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(EOMETRY. :oiralded i 2 Suſe = 5 
but Ras been môſf e evidence; mathe — 

. | Fo demonſtration. being fach bet been 5 
= | ago ſuppoſed to put am end to dip: pute, den "0 
5 ',; place for doubt or cavil. It e this SY 

a care of the old writers, Who admitted 0p 5 8 


; Rey rene truths, and no demonſtrations but eit 
A — 2 A y! deduced from them. The ſcience being now: — 
gods and * with ſucceſs to philoſophy andabe . 9 

. is of greater > than euer that irs e dene . 
| preſerved perfect. But ir has been ed on ſeveral GS. 1 
ons, that the eee e 2 F _ 5 ; = +. 
art u a new exceptionable maxims, ot too a 2 — 
8 to vi a place amongſt the n of the 15 | + 4 
ancient geometry: And ſome have proceeded ſo far as to impu  - ' 3 
- falſe reaſoning to thoſe authors who have contributed moſt to tze 
Late diſcovenes, and have at ene time been moſt cautious ian 
manner of deſcribing chem. 2 noon 


5 Tis 7 WV; 141 72 l : Es - 
1 the „ iadleinbles, Ka at to bs 7” 
| _ made up of points, ſurfaces of wo” and folids of ſurfaces; ad 


* - 4 
| | 1 
: 4 &# +72 a 2 4.33 55 92 PETS 2 . 


ach 2 


ſuch ſuppoſitĩons have been employed by ſeveral ingenious men "i 
Tor: prorig:tho EE diſcovering new ones, in a e 
brief and eaſy manner. But as this doctrine was inconſiſtent FT 
with the ſtrict principles of geometry, ſo ir ſoon appeared that 
there was ſome danger of its leading chem into falſe concluf.- * 
ons; Therefore others, in the place of indiviſible, ſubftitared _— 


infinitely ſmall divifible elements, of which they ſuppoſed all! 
magnitudes to be formed; and thus endeavoured to retain, an! - = 


unprove, the advantages that. were derived from the former mes : W 
thod for the advancement of geometry. After theſe came to hh _"X 
reliſhed, an infinite ſcale of infinites and infiniceſimals, (aſcends. 
ing and deſcending always by infinite ſteps) Was imagined, f  _ 
Propoſe ed to be receiyed into geometry, as O che greateſtuſe op = | 

| 1 quan- 


* Us 623 2511 Acies 


2 INTRODUCTION. 
tities more than infinite ; and others for a kind of quantities 


char are {aid to be neither finite nor N 00 n 1 
diate and indeterminate nature. : 


- = way of conſidering ie; is called the Ablüns part t 
geometry has ſo far prevailed, that it is generally known by n 
| frown than the Science, Arithmetic, or Geometry of ihfinites.. 
Theſe terms imply ſomething lofty, but myſterious ;- the con- 
templation of which may be ſuſpected to amaze and perplex, 
rather than ſatisfy or enlighten the underſtanding, in the proſe- 
cution of this ſcience; and while it ſeems greatly to elevate 
geometry, may poſſibly leflen its true and real excellency, which 
chiefly conſiſts in its perſpicuity and perfect evidence: For we 
may be apt to reſt in an obſcure and amperfoR knowledge of ſo 
abſtruſe a doctrine, as better ſuited co its nature, inſtead of ſeek - 
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mo EAT n ö 
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SS ing for that clear and full view we ought to have of geometti- i 
cal truth; and to this we may aſcribe the inclination which has 9 
appeared of late for 5 . into 8 9 

in there ought to be none. 1 


There were ſome, 1 who aifliked 0 making! 1 5 | 
uſe of infinites and infinitefimals iti metry. Of this num- 
ber was Sir Isaac Nxw rox (whoſe caution was almoſt by | 
diftinguiſhing a part of his charakter as * invention) eſpecially 
after he ſaw that this liberty was growing to ſo great a heighr. 

In demonſtrating the grounds of the method of fluxions * het 
voided them, eſtabliſhing it in a way more agreeableto randy a 8 2 
nels of geometry. He conſidered magnitudes as generated -by . 

a flux or motion, and ſhowed how the velocities -of the 

rating motions were to be compared together. There was no- 
ching in this doctrine but what ſeemed to be natural and agree 
able to the ancient But what he has Iven us on this 
ſubject being very ſort, his conciſeneſs may be ſuppoſed to have 
given ſome occation to * . Mn) me ep S8 a. 
ms his method. | 
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in 4 to provene diſpurs, is to deduce it from axioms or firſt 
lesof unexceptioniable evidence, by demonſtrations of the 
fricte { kind, after the manner of the antient geometricians. 


3 is our defi 185. in the following treatiſe; wherein we do nor 


ropoſe to alter Sir Is aac Newron's notion of a fluxion, 
9 and demonſtrate his method, by deducing it at length 


5 few ſelf- evident truths, in chat ſtrict manner: and, in 
treating of it, to abſtract from all principles and poſtulates chat 
may require the imagining any other quantities but ſuch as may. 


be eaſily conceived to have 2 real exiſtence. We ſhall not 


conſider any part of ſpace or time as indiviſible, or infinitely 


little; but we ſhall conſidera point as a term or limit of à line, 
and a moment as a term OF limit of time: Nor ſhall we reſolve 
curve lines, or curvi into reRiilineal elements of any 
kind. In delivering the principles-of this method, we app 


: ĩt is better to poder, ſuch N ay but after theſe are Eden 


ſhort and conciſe ways of ſpeaking, though leſs accurate, 
TY permitted, when there is no hazard of our introducing 
any uncertainty or obſcurity into the: ſcietice: from the uſe 


thenk on ofinyolving it in The method of demonſtra- 
N Which was vented. b the author of fuxions, is accurate 
and elegant; but we to begin with one that is ſome- 
Fehn 


which, being leſs removed from that of the an- 
* tranſition to his method more eaſy ro be- 


ners, (for whom chiefly this treatiſe Een gee Nl 15 may 
Fey nee that Kaye: boon: made to f OY 


But, | belore we p proceed, it ny be of oſe to e oy 3 


by which the aneients were able, in ſeveral inſtances, from che f 
menſuration of right- lind figures, to judge of ſuch as were bound 


ed by curve lines: fox as they did not allow themſelves to re- 
ſolve curvilineal figures into reQilineal elements, it is worth 
while to examine by what art they could make a tranfirion'from 


the one to the other: And as they were at great ins to finiſh 


their demonſtrations in the moſt perfect manner, fo by follow 


ing their example, as much as poſfihle in avid a me 
thod ſo much more general than theirs, we may beſt guard a- 
gainſt exceptions and aan and hd Ms 00a is * ; 


tions.of GO 


Az | Kh Bo | They 


T7 * 0 fur, 3 
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: 1ygons of an 1nfini e number of ſides, (as ſome have done who 
1 retefid to abridge their demonſtrations,) after proving that any 3 
fhmilarpolygons inſeribed in cireles are in the duplicate ratio 0E 
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of he Sele deſcribed about that polygon: Becaufe' DE is i 
than AD, but GM greater than AD, it CO Hows thar che ſurface 
generated by the perimeter of the internal polygon is alway 
Jef, and the furfuce generated by the perimeter of the external 
polygon is always greater than a circle 2 the radius AD Which 
(becauſe AD is double of AC) is equal to four times the area 
of the generating circle. The ſurface of the ſphere is alſo itſelf 
always a limit betwixt theſe inſcribed and citcumſcribed ſurfa- 
ces; and becauſe the ratio of theſe ſurfaces to each;other is t ie . 
duplicate of the ratio of GH to AE, or of CG td CA, it = 4 
pears, that by — the number of the ſides of the poly- 
gons the ratio of theſe ſurfaces may approach nearer to that of 
equality than- an y affignable ratio of inequality: therefore by 
ſubſtituting, in its general propoſition demonſtrated above, the 
_ ſurface of the ſphere in place of RB, the quadruple ares of a 
circle in place of ab, the ſarfaces generated by the cir- 
cumſeribed and inſcribed polygons for AQ and AP, and ſuppo- n 
ſing aq and el equal to AQ and Ap; it will be 
evident that the ſurface of the ſphere and the gl area or ; 
Wer oe ye ee to each other. Fas pe io 
by 7 "Fa" $4 bad CCC . 
The ſurface geneturgs by the periiieter'ARBP, 4 inſt 
any acc Af] is equal to a circle of a radius that is a mean pro- 
portional betwixt DE and AN, which is leſs chan AF the mean 
proportional betwint AD and 'AN : and the ſurface generare@. 
by the perimeter GHKL; being, for the ſame reafon, equal to 
a circle of a radius that is a mean proportional betwirt AD and 
GN, which/exceeds the chord AF; ir follows, that x circle f 
the radius AF is always a limit betwixr the ſurfaces generated 
by the'perimeters of the internal and external 7 ygons AEBF* 
and GK. But the portion of rhe ſpherical fürface generated 
by the revolution of the arch AF is Aways a limit betw iA t the 
fame circumſcribed and inſeribed ſurfaces: and theſe being to 
each other in the duplicate ratio of GH: to AE, or of CG to 
and therefore in a proportion tat may approach to the ra- 
of OY nearer than any ratio of inequality; it follows, 
' that the portion of the ſpherical ſurface generated by the revo 
lution © _ pad is equal to che area of — 
wi 
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is to AE, or CP to CA; it follows, (ſach cones bein 
have their 

ſolid generated 2 revolution of the triangle is equal 
to a cone upon 
height — 5 to F. Let BE produced meet the axis in T; and, 
for the like reaſon, the ſolids generated by the triangles CET, 
F n baſes reſpectively equal to the 
ſurfaces generated by the ee of the right li 
BT, of the he) ight 


equal as 


ol the h CP 4 
the ri 122 — En in like manner, the ſolid generated by 


| Kin —. — of the whole inſeribed polygon is equal to a — FC 


dhe ſame height CP. upon a baſe equal to the ſurface generated 
as the 2 5 of the polygon, which we have ſhewn-to be 
9s les than four imes the ares.of great circle of the 
For the ſame reaſon, the ſolid generated by the revo- 
9 anna ygor-GHKLM is equal to a cone of 
che height CO or CA, upon a baſe equal to the ſurface genera- 
ted by che perimeter of that polygon, which, by what has been 
dem is greater four times the area of a great 
circle of the ſphere. . A cone, therefore, upon a baſe equal to 
* times the area of a great circle of the ſphere, of an mug 
a equ 


heights and baſes reciprocally proportional,) that the 
equal to the furſace generated by AE of 
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it follows, that the ſphere is e nal to Leg 
Aver a cone chat has its baſe &. akte th ; 
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the thirty ſecond and forty" 


the cone 4 the triaug all de to the con 
generated by the triangle AHN 7 the duplicate ratio of FN 
to: HNy orf 'the/atis AB eO iter becauſe ebnes f 
Nr are 28 chelr ball Nic in He fore n it 
appears tharlth ſond gehovired" by the revolution of ãny po- 
lygon AFB, inſeribed in the cireſeg is to the ſolid generated 
by the revolution of the correſponding/polygon- B, infer» 
bed in cheellipſe, as the fadare f the axis AB is to the fe date. 
of its®6onjtigare.? The (lid! Penerated- byeelie triangle T 
to the ſo : *the'triangle TIE as the ſquare 6f W 
to the ſcj ſquare oF K, eres "the ſquare of the aus AB'torhe ſquare- 
- its oor 5 : and if any pelygen be'deſcribed about the 
polygon be alſs'deſcribed'abaurthe-elliple, ſo that 
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Com zred Wired pre 1 1 
dy the proportion of the pyrs id to the p 

cone to the cylinder, f ir Dales and af 
by the ratios of certain ruſtums 
may be ddt the 9 


: 1 Fr, FG, GB, and the 
1 * 15 0 1 pr] ng AC in 1 buds PH Ld | 
in T an er es a may y repr ent 
2 fon of terms that conftantl) (ior br a common di 
ference equal to the leaſt term AH. e ſum of theſe re | 
form the figure AKHMIPLRCB Which is deſcribed about the 
triangle ACB, and is always greater than the triangle: Their ſum 
without eſt teri GC is to the figure EHNIQLSB, 
Which is inſcribed in the triangle, and therefore is always leſs 
than it. The ABCD is che ſum of as terms e- 
qual to the greateſt GC, as there are terms. And as the triangle 
AB, Ar a ade and Bis AD is always 1 5 be- 
twixt theſe circumſcri cri fires; 6 cryined 
** the greateſt term of any progreſſion of this ind be be taken 
often as there ate terms, chen one-half of the q TL oe 
thus produced ſhall be always a limit dne Fain of all che 
terms and this ſum withour che greareft term: which coincides = 
eee 0) Rf OY of conoids and _ 


ag Suppoſe the fame'fi ure, to revolve upon the axis AB, and 
| while the triangle ABC generates a cone equal to the third part 
of the 5 deſcribed | by the rectangle _— the redtaighes 
AH, EI, FL, GC generate cylinders of eq Which 
are therefore as the ſquares of the right fines * s EH FT, Gt, 
that increaſe conſtantly by the ſame? 
term EH. The fum of theſe cylinder, vr the olid Sen, ks 
by the figure AK HMIPLRCB circumſcribed about the 
ABC, always exceeds' the cone generated by that trian 
Their ſum without che cylinder generated by che — 
GC, being equal to a7 leſs e the by che inſcribed figure 
EHN 9 is _— leſs u. We "Oy cylinder 


generated 
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Seen by. the Angle ABCD is is . as many cylin- 


equal tg that generated. b as there are tens. And 
ee ＋ th Ti ABC or one third part of 
the cyl lader generated 1 0h ae a limit bet wirt the 


'hds generated by the figures AKHMIPI 
fo, in gre: one third part of the quantity that is produced by 
1 the ſquare of the any term of any progreſſion of this 
| Kind 2a Gen, as there are terms, 18 always a, limit betwixt the 
Jum 4 the { 22 1 of all che terms and the ſame; ſum without 
Bl SO 06h 141 He 2 
this propoſition. in à general way, it the proportion 
the area of his firſt ſpiral line dere circle, Bur 


CCB, EHNIOLSB;. 


term. 1 7 demonſtrates 


. * makes uſe of the ratio of the cane to the c linder for- 
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8 e ſquare we ate 17 . The 
ors: of which we ſhall ſy 


e remaining 28 in i the fifth fig 
121 10 to 5 and HZ parallel to AB, meet BC in . 
de to be a mean proportional betwixt 
te the parallelogram EBXY, Then 
es ECT, EBEY, by FEES on the.axis AB, 
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XE AT, EEC, ERS, 1 EBX, EB ge N = 1 
Hb: ATE, Ec, Eu EXx, EZz; and the he folid generated by. 1 
as parallel ogram. 'ESCH ſhall be cal to the cylinder 3 | | 


ſheyn, from this known propoſitio That the cube 
of e BO exceeds the. two. cubes of BZ 1 5 CZ, (or BS). by thre 
times the | para | elepip | upon the ſquare of X of the. 1 . 
CZ; From which 1 follows, that the cone AC: exceeds the 
cones AH, FS b N Eo o 25 7 YXxy. The 
ſame theorem! may be demonſtr m the elementary pro 
ſitions thus: 2 ſolid generated by the parallelogram . 
is the 19 m of. theſe which are generated. Ec i ga triang 
„That which is generated by ESC. is 5 — 8 8 3 
_— of twice the cone EXx above the cone EZz, becauſe the, 
ſquare of BC: (7,2, Eucl.) added to the ſquare of BZ. is eu. 
19 two rectangles. under BC and_BZ or. twice the ſquare f 
B) added to the PG of C or BS; and therefore the dit- 
We of the cones E ESC (or the ſolid | C) 
ual to the exceſs of twice the cone ! E. 
EZz. The ſolid generated by the EE 1 ECH ' is equal to 
the. exceſs of the ſolid generated by AEC (or the cn A'T?). 
abo ye the cone AHh. But che ſum of the ſquares: of B an 
Bx is to the ſum of the ſquares of BY and BZ as BC is to. L 
or as AB is to AE; and therefore (17. 5. Eucl.) the dilference. 
of the {qu ares of BC and B is to the 25 of the ſquares of BY. 
and BZ as EB is to AE: from which it 3 72 he; dit- 
ference of the cones A Tt, ABLE r the ſolid ge 'S 
is equal to the ſum © the cones. and EZ. . the 
ſolid generated by the parallelogram ESCH i is equal to thrice: 
the cone EX, or to the cylinder XV and the fr | 
Hoh is equal to that cylinder added to the. cone 
the cylinder TC. is to the fruſtum HCcþ as the ſquare. 
is to the ſquare of BX (or the rectangle under. BC and 25 
added to one third part of the fo rs of B8, or C the dilfer= 
ence of BC and EH. It appears, therefore, rhe cylinder 
generated by the rectangle EBCT i is to the ſolid {genera , 


at 4 


the figure EMIPLRCB 1 in a leſs proportion, and to the ſolid C4 | 
| ANON, in a greater proportion, +. 
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es 
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gp VC nt EH added to one third, pan of the ſquare of ch 
Erefce of theſe righr lines. In general; the 1 1 
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— EP, EG, GB.” Th the lid poem by any rectangle 
NM being to the ſolid generated che re ae NI. as the 
difference of the ſquares'of FF and EH to the difference of the 


angle under WL. and the ſum of 2EH and WL, the ſolids. 
NM, WT, ZR increaſe in the ſame 
proportibn as the-fpaces deſcribed in that propoſirion, Which 
aut ſuppoſed to be applied on a given line, (as '2EH,) and to ex- 


ly inc by a difference equal to the fide of the firſt exceſs. 
ut ind be generated by the triangle HZC is equal to the ſo- 
lid gen the —— e H added to the cone ESs, by 
Aber h — yeah — and therefore the ſolid generated 
y the rectangle HZ C is to the ſolid generated by the triangle 


2 as the difference of the fquares of BC and BY orthe res- 
_angle CZc) is to the difference of the ſquares of BX and BZ 


the rectangle CZB) added to one third part of the ſquare 
of BS; or CZ; that is, as Ze, or the fam of BC and BZ, is to 
the ſum of 7 and one third p part of CZ; and therefore as 
ne Aff and Cl is to the fin of FH and one third 
part of 9 From ich ĩt ä chat the fold > RE 904 
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> ſolid gene- | 


fL and EH, or as the rectangle contained under NI ; 
: and the ſum of 2EH "nd N (6. 2. Eucl.) is to the rect 


_ceed by ſyuaresthar have their fides (as NI, WL, 20) conſtant- 
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and conſequently one half of the pg HE by;ABCD - 
is always 4 Une betwixt the ſolid. TOS. the co 
noid and that which is deſcribed in it. The concid itſelf is al- 


the parabolic area AICB is equal to half the cylinder pans 


lels eee 
NIQLSZ i in a a greater proportion, chan that ratio, From this and 
KCHIMEDES deduces many-propoſi- 
o Sonoids and. ſpheroids, and various portions of 
moſt conſiderable of which may be demonſtra- 


Fg 1 
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Tan e manner, Fat e eee 
ofhit Ay be the fue by which be dicorered hems 


yd by 728 N 27 in 


3 A the vertex, AB « part. of theuaxin, Fro. 
rdivare 3 3 1 the rectangle ABCD, and che conoĩd 7 


+ oof 12 — ng 
be wal tq one of the cylinder 

CD nally biſeQting rh e parts of the axis AB let ie 
parts AE, EF, FG, GB; and let the or- 
þ pa FI, 'GL nere curve in nab ty «4; It 1 
in 1 N By and the xi 
e rectangles AH, E 


{quares_ of the or EH,. 
as the parts of the 
AX, EY, F, GC., From which jt follows, Hee 


| generated, by the rectangle ABCD, the ſolids. 


circumſcribed figure MIP ; 
EHNIQLSB, are in the ſame. proportion each other +. 
rectangle ABCD and the figures AEXwYpZRCB, EXaVgZzB; 


ſo always a limit berwixt: the ſame circumſcribed and inen 
ſolids; 1 5 the difference of theſe ſolids. being ee 0 
linder generated by the rectangle 4 Wed, by com 

biſecting the parts of che axis, may fold 
that can be aſſigned: it follows, that the apt rs Scored 


$4 


by the rectangle ABCD. If a parabolic condi be cut hy 
parallel to 1 other, but oblique to the axis, the Tab are 


| FRY 


Fic. 8. Lerch, n de tbe ee bf ellipſe” 


the ordinates EH, FI, GL TATA BD in T, 

: ; complete che rectan les AH, FH, EI, GL FL, CL, 
a che reftangles DX, V IT RY, VS. . "Then, be 

8 cauſe the quste of any ordinate E is ; to che difference of che 


gure DD&mYPZGCB, which always dls the ſol 


ſimilar eli 1 nn, ion | Þy 
finder is hom in Hle⸗ . to be qu to one rage y- 
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redtangle'CADB, and joih CD. Ler CA pl 
tinual biete, into the equal parts AE, EF, FG, G 75 
V, Ry and CD in 


ſquares of CA and CE 2 the ſquare of CB is to the ſquare of C 
and the difference of the ſquares of AD (or ET) 24 EX is to 
the difference of the ſquares of CA and CE | in the fame ropor- 
tion; it follows, that che ſquare ef EH'is equal to the difterence 
of the ſquares of ET and EX, and that Ns circle deſcribed 228 
EH is equal to the difference of the circles deſcribed 1 

and EX: fo that the cylinder generated by the rectangle A HR 


muſt be equal to the ſolid SET 5 the rectangle DTX. 
In like er, the ſolid generated by 


d | e eee figure 
AKHMIPERRC is equ 85 /hich is generated b 24 the fi- 

that is 
generated by rhe tri CB; and the ſolid generated by the 
inſcribed figure EHNIQLSG is qual to that which is generated 


by the figure TX»Y9Zs8B, which is always leſs than the ſolid 


je for by that triangle. Therefore the ſolid generated by 
_ tlie triangle CDB and the yore rt of the ſpheroid which is genera- 


red by che ellipric area ABC are conſtantly limits berwixt the 
ſame circumſcribed and inſcribed ſolids; and the difference of 
theſe ſolids being 'equal to the cylinder generated. by the rect- 


angle BG, which, by continually biſecting the parts of the axis, 


may become leſs thaii any ſolid rhat can be aſſigned ; it appears, 


that the ſolids generated by the ellipric area AIBC and the tri- . 
angle BCB are equal, and that the portion of the ſpheroid gene- 


rated by the — 7 ie area AE H is equal to the ſolid generated by 
the triangle D : revolving about the axis AC. But the ſolid ge-. 


nerated by the triangl gle D3 k, by what has been demonſtrated, is 


to the k — by the rectangle DTXk (or the cylinder 
— generated 


13 a 2: pH + 75 JuihÞ; gong 213 


WS 
2 E — 8 _ - hs — = 8 


3 wy 

v 1 2 * K 
eee — 
3 3 


S 
#. N e 


p . * 7 * & — 
$ } '2 . : . 6 n 
£4 3 > 4 2 N . + p x = gs POS : , CS 0 WP . ha "4 = - 4 7 + s « - 8 
* N er . \ RA AN. of Sy * obs Es . e * —— 2 : : \ r * * oo — +: — $i i SS r D OE Ea G 1 IS: V N Q 2 + NIE * 8 r — 7 x hb . Y n A \ ws n 
— 2 8 T > 12 r reer * Z K e N SS m1! 2 ATE TAS rere SM — rr SUSE ES NETS we fn PL * v5 ALES © I WEST I nen 8 OS 8 > þ S 7 EP; . - 3 Led 
2 4 p n W 2 e Jen 8 n YH SE Wh r 3 25-44 F B os 3 2 > 4 AS n OC ON TRE in TINY FSI NW pb 2 2 2 8 c 2 ST 22 . 2 DoF EO oe REY! 3 98 Ne 
y 8 8 n 8 i. n r g 1 =. 10," WS. 1 r IA CI CNT ad mn ROLES S FF err r 8 c IO Ls ne ered en ACS Fu 2 S TNT IT 7: - 07 LS r r 
- all b 88 2 n 2 2 9 1 7 * E . * <2; K e - 8 Dre N 5 * * Gy 7 - * br wo 2 nnn het 00 = 80% IL" 1 n wy Fong 3 — » — — 5 n N 5 * n 55 > 
6 cn . EN . 2 FOE! 3 0 * 8 I OOTY S 1 N % GI As 2 1 LS Lo Ee — — 5 8 MS 8 2 1 DO . 9 TOE ONE TE OO TT ron we Ree rnd nn — e bs * BR 2 ST p 
— ws — 2 N 2 * p r 4 22 n 2 r e e t ts end Ee 6. ß ¾—dd IA Re WG 3 r 1 * a 25 * 1 
a | : EEE 8 5 n FF e e 8 WN 22 I >, e 
: 8 8 % — > 4 S 7 n 2 "EF . Ee EO SI 26 _ 1 * 
K R OA — ; GE ES PE wo — 4 
0 


S 23 


J by A nn nn 1 part of 
x1 is to the fam of AEX and TX, or as the ſum of CA and 
a is to the triple ſam. of CA. and CE; and therefore the par- 


tion of the ſpheroid generated by the ell; elliptic area AEH. is to 


the inſcribed cone generated hy the triangle AEH as the Jak # 
AO 6 69 the ſum; of OA. and CE. | _ | „„ 


I che ſame manner, CA being un  ſemidiameter of the gene- 
rating ellipſe, BY the con pare. 825 er, Dd a tangent at A, 


BD and d parallel to C/ ba cy ader Dgb to be de- 
| Gd about ball che ſp 5 1 b 0 Taper BY the eircum- 
9 ep of the ſection Bihn perpen 9 plane ABL, and - 
fo 


meets BD, 44, CD, c in T, 2, X and. 6% che ſetions of 
ſpheroid, cylinder and cone made by this plane being ſimilar e 
lipſes, and the ſquare of EH tl to the exceſs of 


poſe the cone CODrdu to be med! in this c n "Then, 
any. plane cut BAY perpendicularly in the or Hh, 


uare of ET above eta ſquare of X: it follows, that the el- 


3 liple Which is che ſection of the Et with that plane, is e- 


f that are the ſections of the 
cylinder and cone made by che ſame plane. 12 52 TY Which it wy 
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| axis, A the vertex, AD. a tangent meetin 
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e 


in 43 let u, Bb parallel cothe xi e and 5 and 
reſt of the 5 be ſimilar to that of 

The ſquare of any ordinate. EH being e 
of the ſquares of EX and ET, the Ss EH is e 
ana to * difference of the circles deſcribed DEE 7 * 


eighth figure. 
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1 a erm the rettang ; and, in li e manner, 
FE 01 5 Toys d by the whole un ny inſcribed 
| Wilp RR 3, EHNIQLSC are reſpectivel Spoke 

d Glide generated by the figures DENN Zed, Teen. 
From which it follows, that the ſolid generated by the triangle 
Da is always a limit betwixt the ſolid generated by the figure 
-_ © - © ” deſeribed about the hypetbolic rom op that'which is genera- 
ted by the figure deſeribed in it. e portion of the conoid 
1 by that area ĩs . tr. limit berwixt the ſame ſolids : 
Aud the difference of theſe ſolids equal to the cylinder x e- 
"I 1 by the r e GB, pres by continuing to biſect 
the parts of the axis, may become leſs than any ſolid that can 
de affignett; it appears that the portion of the conord generated 
0 BY ws area > ABC? is 15 b to rhe {lid ne by 15 tri 
monſtrated, is to 
-ylinder nerated. by 
AD "Ce 22 the triple 
; Fam of AD and Te: and therefore the conoid generated by the 
| hyperbolic area ABC: is to the inſcribed cone generated by the 
| triangle e ABC as the ſum of 2AD and Ce is to the ſum of AD 
and Ce, or as the ſum of 2OA and OC is to the ſum of OA 
and Gd. Any portion of the conoid cut off by a plane oblique 
to the axis, is to the inſcribed cone in a like n 5 2 
be demonſtrated much in the ſame manner. 5 
Jt The following general theorem comprehends he prece ao 
- ' propoſitions Adder others of the ſame kind. It contains a 
roperty which extends to all the ſolids that can be generated 

þ any conic ſection revolving upon its axis, including the 

ſphere and cone, and may be o uſe in menſuration. A fruſtum 
or portion of any ſuch ſolid terminated by any two parallel 
planes, and a cylinder of the fame height with the fruſtum upon 

à baſe equal to * ſection of the ſolid made by a parallel plane 
that biſeQts the altitude of the fruſtum, differ from each other 
always by the ſame e in the fame or in ſimilar ſolids, 
When the inclination of the planes to the axis and the altitude 
£ "ah the fruſtum are given. In the parabolic conoid this — 
5 | vaniſhes, 
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vaniſhes, the fruſtum being always equal to a cylinder of the 
| 2 ht upon the ſection of the conoid that biſects the al- 
titude of the fruſtum and is parallel to its baſes, In the . 
the fruſtum is always leſs. than the cylinder by one fourth part 
of a righe-angled cone of the ſame height wich the fruſtum, or 
by one half of a ſphere of a diameter equal to that height: and 
| this difference is always the fame. in all ſpheres whatſoever, | 
when: the altitude of the fruſtum is given. In the cone, the 
fruſtum always exceeds the cylinder by one fourth part of the 
content of a fimilar cone that has the ſame height with the fru- 
ſtum. In. the hyperbolic conoid, this, exceſs is the ſame as in 
the cone generated by the triangle OCz formed by the axis O Fro. 10. 
the aſymptote Os and the perpendicular Ce, the altitude of the 
fruſtums and the inclination of the axis to their baſes being the 
ſame in both. In the ſpheroid AB, the cylinder exceeds the Fre. 9. 
fruſtum: and eh 6 i * ther is the Hong as in the 
cone CDrg, the plane Drg, or Bk, being ſuppoſed parallel to 
| thoſe which terminate the fruſtum. In different inclinations gf 
thoſe. planes, When the altitude of the fruſtum is giyen, that 
difference is reciprocally as the cube of the diameter Bb. which 
is the conjugate of CA, the axis of the fruſtum. But if the al 
titude of the. fruſtum be alſo varied ſo as to be reciprocally pro- 
portional to the diameter BY, then the difference. betwixt the 
fruſtum and cylinder ſhall be always of the ſame magnitude 
in the ſame ſpheroid or conoid. When the inclination of the 
axisof the ſolid to the planes that terminate the fruſtum is given, 
the difference betwixt the fruſtum and cylinder, in the ſame or 
in ſimilar ſolids, is as the cube of their common altitude. 


OY 


Ile truth of this general theorem will eaſily appear from 
What has been demonſtrated of theſe ſolids, if we prove that it 
_ obtains in the cone. Reſuming, therefore, the conſtruction of 
the fixth figure, let EB the altitude of the fruſtum generated by Fr. 11. 
the trapezium . EBCH be biſected in 7; let fa parallel to BC 1 
meet AC in 4, eh parallel to AB paſſing through a meet BC 
_ and EHinþ and e; and, BR being equal to 52, or one half 
of CZ, complete the parallelogram EBRV. Then, ſince CZ, 
T ˙·— A ok of BX) * 


A 


ie. 12. manner, it may be demonſtrated that if x4 paral 


bie. 8. The fruſtum of the ſpheroĩd generated by the area EHEG is 


He. 


che axis of the cone, but pe 
paſſes through the axis in the right lines Ce, Kk and Hh; and 
ESxs be a cone ſimilar to ACmc, of the fame height with the 
fruſtum CH: - then this fruſtum ſhall exceed the cylinder of 
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ſolid generated by the, rectangle TR9qn 


aed LINEN or BRis ON 6 2/6, 4) 60 che 


ſquare of Bb; and the cylinder generated by the reftangle B. 


2 — cherefare equal to the ſum of the cylinders generated by the 
rectangles BY and BY. The fruſtum of a cone ee 


the trapezium EBC H is equal to the cylinder 0-2 Aura 
IS BY added to the cone generated by the triangle BY, 
.. oy what has been demonſtrated ; and therefore this fruſtum ex- 
_ -ceeds the cylinder generated by the reangle-Be by the excefs 
of the cone © erat by the triangle EBS above the cylinder 
| generated by the rectangle BV; that is, (becauſe BR is one 
| Half of BS,) by one fourth part 'of the cone generated by the 
triangle EBS. But this exceſs is always of the ſame magn 
in the ſame or in ſimilar cones, when EB the altitude of the 
1 is ee Therefore, if a cone is cut by three planes 
to its axis at equal diſtances from each other, the 
Fran comprehended betwixt the firſt and third plane exceeds . 
the cylinder of the ſame height upon the middle ſection as its 
baſe, by a ſimilar cone of a height equal e the altitude of the 
fruſtum; which exceſs is always of the ſame m agnitude, in the 
ſame or in ſimilar cones, when that height is given. In like 
4 planes C m/, 


Kyk, Hub, at equal diftances from each Wen de oblique to 


equal to the ſolid generated by the trapezium TXZ R; and 
the cylinder generated by the rectangle EMQG equal to the 
has been de- 


monſtrated above: Therefore the py ied Be berwixt the fra-. 


ſtum and cylinder i in the ſpheroid is the ſame as in the cone ge- 
nerated by the triangle CAD, the altitudes of the fruſtums be- 
ing equal. In the hyperbolic conoid generated by the area 
o. ABC revolxing on the axis AQ, thy fruſtum WIDELY by! the 5 
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area EHI. G is equal to the ſolid generated by the trapezium 
TX Zr, and the cylinder generated by the rectangle EMQG 
is equal to the ſolid generated by the rectangle Tram; and 
therefore the difference betwixt rhe fruſtum and cylinder is the 
fame as in the cone generated by the triangle OCe revolving on 
the ſame axis, the altitudes of the fruſtums being equal. And 
by a ſimilar demonſtration this property is extended to any fru- 
ſtums of theſe ſolids terminated by parallel planes oblique to 


the axis of the generating figure. 
1 5 8 1 7 2 : 0 53 2 5 * $-, * 144 ; >. 1 ! 


But to return to AxchIuRE DES: He was the firſt who was 
able to give the exact quadrature or menſuration of a ſpace 
bounded by the arch of a curve and a right line, by demonſtra- . 
ting, that if ABC be any ſegment of a parabola, and DB para Fre. 13. 
lel to the axis of the figure biſecting the baſe AC in D meet the Plate 3. 
curve in B, the ſegment is to the inſcribed triangle ABC as four - 
is to three, or is equal to the triangle Ca, the right line Ca 
parallel to the axis being to BD in that proportion. His de- 
monſtration may be repreſented in the following manner. Let 
the baſe AC by a continual biſection be dirided into the equal 
parts AR, RG, GS, SD, DX, XE, EX, VC, and let parallels 
to the axis through the points of diviſion meet the curve in P. 
H, M, B, N, F, V. Then, if RP paſs through the diviſion of 
the baſe that is next to the point A, and meet Aa in d, the figure 
APHMBNFVC inſctibed in the parabolic ſegment: ſhall be al- 
ways equal to the trapezium CR 9a, as we ſhew ds, 
By continuing to biſect the parts of the baſe AC, the point R 
ſhall approach to A, and the trapezium CR to the triangle 
CAz ſo that their difference may become leſs than any quanti- 
ty that can be aſſigned. The inſcribed polygon APHMBNFVC | 
at the ſame time approaches to the area of the parabolic ſeg» 
ment ABC, ſo that their difference may alſo become leſs than 
* quantity that 18 aſſignable ; ſor the tangent at H being pa- 
el to AB, any triangle AHB muſt be greater than half the 
ſegment AHB in which it is inſcribed. Therefore the parabolic 
ſegment ABC and the triangle AC are equal to each other. 
For if the triangle AC ſhould be ſappoſed to exceed the para- 
bolic ſegment ABC by any youu as O; then, ſinee by conti- 
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It was ſufficient for his purpo 
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racter of his writings, and the ancients. had a different 
of them . He finds it u 
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| referer 
| ard many ober theorems of this A n 
the terms f which co 
hut he never 
1 — terms, or figures; to increaſe or decreaſe by infi- 
-nitely; ſmall differences, and to become infinite in number; that 
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ed equal to thecurvilineal area, or ſolid. 
ſe, ro aſſign a:quantiry that ĩs al- 


the ſame ſum without one of the extreme terms; as the a- 
is always a limit between the ſum of the cireumſeri- 
which ſums differ from 
„ He conſidered but one 
4 ſhewed how to find in 
Hon the ſum of tlie terms and of their 
Faris only. Of late, , other geometrie al progreffons have been 
the areas of curves; the 

wers, of the terms in 
ſſion have 5 for the ſame — 


ad and the ſum of the inſcribed: 
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FSS 3 ore 
But this is not a Juſt cha- 


indeed to premiſe ns pro- 
-poſitions to the demonſtration of the principal theorems; and 
on this account his method has been excepted againſt as tedious. 
But the number of ſteps. ĩs not the greateſt fault a demonſtrati- 

on may have; nor is this number to be always oomputed from 
thoſe that may be prophet Tek. dut from thôſe that are J | 


Plutarch 3 he Empliciry and plainnef wah which het treats o che moſt 
difficult and abſtruſe queſtions: O Its Ltr Wy 3 xa ,,E7ꝗ 1X 


Bapuriege ice os Ta 0 ten de NY 5 e e 
Ke, Plut. in vita | Marce 47. rela OTE. 


* 


1 
l 


> 


. 
<= 
. 
2 
7 — 

= 

4 
IF 

by 
4 


— 


9 8 


fury te — Beſides, minary - 
propobitions : are generally valuable on heir on account, — 4 


render our view of the whole ſubject more clear and compleat. 
-Jn«bis-treatiſe of the ſphere and 
Res ee ſo fully the menſuration of the ſurfaces and ſo- 
nerated by che internal, and external polygons, 
een. the tee and ſolid content of the 
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By de many valuable Aikcorerits been in "IA accurate 
the admirable-uſe he made of his knowledge 
ciryr , and 
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A manner, and: by 
in the celebrared ap on; his natixe 
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the Proconſuſ Marcellus 1 Appius C dub, in'the fiege of Syracuſe, (til 
the city being taken Pp t tan end a wo his life and 
enquiries at once, ) is Kerbe at lengih by Poi bus, Livy: Pharch; ce. He 


was called Ta&apunxar©; and exarIirxap ;: and, N to Plutarch, acqui- 


red the reputation of. more than Human learning. Medals of Syracuſe, with fi. 
gures that are ſuppoſed to refer to his diſtoveries, ſerve rather to juſtify his cour- 
Armen from the reproach. of ingratitude whic which ſome have imputed to rome 
than ne bonaug to che immortal Arc umede HE arge Sicil. S. * 
I. 4a. 
"uh Diodorus Siculus tells us, (lib. 5.) that when. Archimedes dt into E- 
pe, he invented machines that were of Mem ufe to that nation, and procured 
an univerſal reputation. 


k Pecopir illos auQoritas-Archimedis,- e. osbes des: principii en vatiobine- 


on; e The learned * Scaliger and: others have alſo writ a- 
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cylinder; for enample, by his 
„ We not 
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455 but we acquire a more pe knowledge 5 
theory, and of all that relates to it, with a ſatisfaction that we 
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general and eaſy methods me to make uſe 


incompleat demonſtrations.” They may have alſo ſometimes 


fallen into miſtakes: but it will be found difficult ro aſſign one 


falſe propoſition that has been ever generally received by Geo- 
metricians; and it is hardly poſſible, that accuſations of this 


nature can be more miſplaced: 


In what Axentutpts had demonſtrated of the limits of f- 
gures and progreſſions, there were valuable hints towards a ge- 
neral method of conſidering curvilineal figures; ſo as to ſubjet 


them to menſuration by an exact quadrature, an approximation, 


or by comparing them with others of a more ah 55 kind. Such 
methods have been propoſed of late in various forms, and upon 
different principles. The firſt eſſays were deduced from a care- 
ful attention to his ſteps . But, that his method might be 
more eaſily extended, its old foundation was abandòned, and 
ſuppoſitions were propofed which he had avoided- R. was 
thought unneceſſary to conceiye the figures circumſeribed or 
inſeribed in the curvilineal area, or ſolidꝭ as being always affign- 
able and finite; and the precautions of AxchiIMR DES came to 
be conſidered as a check upon Geometricians, that ſerved onl: 
to retard their progreſs, Therefore, inſtead of his affignable fi 
_ nite figures, indiviſible or infinitely ſmall elements were ſubſti- 
tuted; and theſe being imagined indefinite, or infinite, in num- 
ber, their ſum was ſuppoſed: to coincide with the curvilineal a- 


rea, or ſolids 


It was however with caution that theſe ſuppoſitions were at 
- firſt employed in geometry by Cavarezrvs, the ingenious au- 
thor of the method of indiviſibles, and by others. He diſco-- 
vered a method, which. he found to be of à very extenſive ule, . 
* Cetoir en obſervant de pres la marche d*Archimede qu' u [M. de Roberval]. 
toir arrive à cette ſublime & merveilleuſe ſcience, ert. Ouvray: de 'Þ Aca . 
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e es ſome difficulties 
d reſolve. Therefore he ſubjoined more unexceptions : 
5 monſtrations to thoſe he had deduced from bis own principles; 


wy . * | KS evidence,-and ſeem : 5 
| Plot, by the great advantages Sg were wc mem for a 


IE theories, N ef and caf iy manner. e e ee 


A lids; ind 5 applet _ 7 he public 


4 8 1 a t, he ſtrove to avoid ® the Ea — 


and the diſputes which enſued the firſt of any moment that were 


l known between Geometricians juſtified his precautions. Afﬀter- 


wards, infinitely ſmall elements were ſubſtituted in place of his 


= indiviſibles; th various improvements were made in this do- 
Etrine.. The method of Azcaurmenes, however, was often kept 


in view, and Ig ag appealed. to as the ſureſt teſt of e 


nem invention. The k harmony berwixt the concluſions that * | 
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ed; they came: at length t 


p . and de 


Aving the moſt: 


But when .the princi grep and fit method of oh ancients 
"which had hitherto 
were ſo far bo hone it was difficult for the Geometricians to 


determine, where they ſhould. ſtop. After they had indulged . 
_themlelyes in admitting quantities, of various kinds, that were 
not aſſignable, in ſuppoſing ſuch things to be done as could not 


| poſſibly be effected, (againſt the conſtant practice of the anci- 
Ents,) and had involved themſelves in the mazes of infinity; it 
Was not ealy 15 them to aroid perplexity, 


T0, dose continui IF 1028S, marifellum eſt ex preoſtenſis, ad ipſum e ex 


x indiviidilibus componendum nos ninime cogi: ſolùm enim continua ſequi indi- 
viſibilium proportionem, & è converſo, robare intentum fuit; quod quidem 


eum utraque poſitione ſtare poteſt. Tandem verò dicta indiviſibilium e pln 


von ita — — ut infinitatis rationem ropter infinitas lineas 
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from the different angles that were ſuppoſed to be fo | 
cheſe Aides; bur infihites and infiajreſimalswere admitted of in 


finite orders, , e in geom ery. and arithmetic -* A 5 


ed itö them with e freedom as to finite real q quantities, 


and ſuppoſitions of this natüre mulripled, till che higher parts 
of geometry (as oF Lag moſt common ly war's zppeared = 


HIDES 3 
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4 Eronr ee ometry the infinites and Ate rbb 5 cafe: In! Phi- 
4 arrying with them the _ obſcurity and 1 ity that 


= fail ro We "them. An actual divifion, as Well as 
a divifibility« of matter in fufnit um, is adifiitted oo _ 9 7 5 | 


25 fy is ſub- 


ids are imagined cotififting ok infinitely 

are*compoled enſelyes of others infrtntely 

_ diviſion'ts ſuppoſed to be continued Without end. Vortices are 

1 5 for folving! the phenomena of nature, of i indefinite or 
, in imitation of the infinitefimals in geom 

8 HAR ac any higher order is found infufficient for this pu; 

or attended with at infupetable diffeultyz a lower order 


1eIrve ſo favourite a ſcheme. Nature is confined in Key ope= ; 


rations to act by infinitely ſmall ſteps. Bodies of a perfect hard- 
neſs are rejected, and the old doctrine of atoms treated as ima- 
ginary, becauſe in their actions atid'collifions'they might paſs at 


once from. motion to teſt, or from reſt to motion, in violation of 


this law. Thus the doctrine of infinites is interwoven with our 


ulations'in geometry and nature. Suppolitions; that were 


propoſed at firſt diffidently, as of uſe for diſcovering new theo- 
rems in this ſcience with the greater facility, and were ſuffered 
only on that account, have been indulged, till it has become 
crowded with objects of an ahſtruſe nature, ich tend to per- 
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They who — made uſe of infiires — inflitetimate with 
a greateſt liberty, have not agreed as to the truth and reality 
e e them. | — Mr. LE3BNLTS 


CS 


+; 


- owns 


i 


NN; 


2 wh finite quantities,” 3 3 to — 7-0 


of numbers that may be continued at 8 

Loo infinity which: ſome Geometricians have alc ibed * 
Daolic area. ; But in theſe e reer 
. Os 3 e eee e e be 


It 


” becauſe an en Eon further, it can be 
. e -or; der nee arg able ro 
Domeier ſuch a line to. — 4g 0 rn 
— es Yor ene ne ee 
poſed beyond „ 


=  conceiye or f 


i 4 3 Tz 


5 724 bg 


„ . „ 8 5 a 4 80 £ 82 & Fs, £34 | 
= ; 5 — x +3. as #5 34 5 2 27 f : - 4 "Pb ry 1 Ks 2 
— EF "7 G. 12 8 6 * N. Ih 1 


3 inge les cremiſe aferibed to e . july: eſteem: 

Bous writings, ſeveral arguments are propoſed, for admirting es, 
I; infinite; not that kind which bas no limits, comprehends all, and can receive 
TR | no addition, which he calls metaphyſical; but that which he defines'to be g reat-' 

95 N er than any finire- magnitude, 5 li a uilbes from the former, 'and calls 
ical. us la ene of, [nſerpritle © augmentation fany fin on la peut 

concevoir on ſupp er augmentte une infinite des fois, c efl.à dire qu” elle ſera deve- 
val inſinie. Ft, en effet, il oft impoſſible que la grandeur {ufceptible i angmenta« 
tin ſans fin: ſoit dans le mime cas que ſi elle n en etoit- pas ſuſceptible ſans fin. 
Or, ſo elle ne Þetoit pas, elle demuurernit toujours finie; donc etant ſuſceptible 4“ 

| me ſans iin, elle peut ne demeurer pas 2 Hie, ou, ce qui oft le 
meme, devenir infinie. Elem. de la geom. de J infini, 5 8 ;. Becauſe magnitude is 
ſuſceptible of augmentation withour end, the author e that we may ſup» 

poſe i it augmented an infinite number of times. But, by bein dale tible of aug · 


5 * Sts 7 
* * 


mentation he end, we underſtand only, that no magni aſſigned or 


conceived- ſo great. bur it may be ſuppoſe to receive further Cn, and 


_ a greater than i it _ till be — or conceived. We 3 n that 


from magnitude s being ſuſceptible of augmentation and 
1 without end, from the properties of, e reſſions 


8 become Aire I . not. ee Wales, That, | 


creaſed. * from this.ir cannot be be Loh ghee we MAW 210. 
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i is not ſurely wich that Perfpicuik y chat 15 


7 as if it was dot ſuſceptible 


gnitude was. not ſuſceptible of augmentation without end, it 


ade) bu 
mentation that has a limit or 


d is a character chat cannot belong to a ſeries of a finite number of terms. There 
6 fore this natural feries has an infinite number of terms Andir is added; that 


ſcience ſtrictly, it may perhaps be better to avoid this ſuppoſition. For 


|  pollible for us to aſſign ? of which ä nds. are ſaid to be in this ſame ſeries, 
LEW 7 } | 5 7 : : | <ach 
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infinite, 
*. 


mination or limit can be dffigned ef che Increaſe which it may admit: but we 
do not therefore clearly conceive magnitude increaſed an infinite number of times. 
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Mr. Lock acknowledges; that we caßly form an idea of the infinity of number, 


to the end of whoſe addirion there ĩs no approach: but he diſtinguiſhes berwixe 
this and the idea of an infinite number ; and ſubjoĩns, that how clear ſoever our 


dea of the infinity of number may be, there is nething more evident than the ab: 


ſurdity of the actual idea of an infinite number. 
Tube latter-pareoF the argument amounts to this: *© Itis ĩmpoſſible that ma- 
ce gnitude being ſuſceptible of —— without end; can be in the ſame caſe 
| | | f augmentation'withour end. But if it was nor 
< ſuſceptible of augmentation without end, it would remain always finite. There- 


cc fore, dinceit is ſuſceptible of augmentation without end, the contrary muſt be 


« allowed; chat is, it may not always remain finite, or it may become infinite.” 
The Force of which argument ſeems to be taken off, by — 5 uy ns, 


main ma eee e. there would neceſſarily be a term, mit or degree of ma- 
And, by allowing that there is no ſick term or limit, magnitude is not ſuppoſed 


h could never be exceeded, or there might be a greateſt irude, 
to be in the ſame caſe as if it was not ſuſceptible of augmentation withour end, 


though we ſhould refuſe that it may beceme infinite, What is oppoſite to the 


ſuppoſing magnitude ſuſceptible of augmentation without isnot the fuppo- 
58 — (for Price lads is capable of aeg mente i 6 
the ſuppoting it — of no augmentation ar all, or of an aug- 

The ſeries of numbers, 1, 2, 3, 4, Cr. in their natural order, may be conti- 
nued without end; and it is ſaid, chat «© we never come nearer the end of the 
« progreſſion, how great ſoever the number may be to which we arrive; "which 


& though we can go over a finite number of terms only, yet all the terms of this 


any end, it ſeems to be evident, that we muſt approach to this end ac we pro- 


ceed from the beginning towards it; and that, While we advance, the diſtance 
of any term from the end muſt decreaſe (whether this diſtanee be called finite or 


infinite) by the ſame quantity as the diſtance from any ſub term decreaſes, 
or the diſtance from the beginning of the ſeries increaſes. H we cannot conceive = 
the ſeries to have an end, then We can have no idea of its ĩaſt term. If we ſup- 
poſe this ſeries to be continued to inſinity, it would indeed be abſurd, after ſucm 
a ſuppoſition, to ſay that the number of its terms is finite: But, in treating this 
it is 
only a finite number of terms we can clearly conceive, how ſhall we judge of the 
reality of the reſt-? or wherein {hall we place the reality of thoſe which it is im- 


all, a lejschan i. ma A et: not there» 
, pal 4 e fall. Ag iven ma» 
-  gnitude 


4 : 75 83 ' 4 F , 0 ; * *. 5 
— infited an. 


21 h . e 
« tis to t © one can a nbed, 

5 Hot. Tg intellectual, and independent. of the actual deſtri- 

and exiſlence of the figures whole properties ĩt diſcovers.” All chat i * 

« ee e in it has che reality which it ſuppoſes in its object. The 

ct fore the infinite Thich i it demonſtrates is as real as that which is finite, ere. 

the learned 2 aſter — on this e eee that, 4c not to 


—0 4 in is ſcience. deere that are ids | 
ve uſe, pos the foundation of all the ſublime mv to he — — | 
and uncxceptionable. If this ſcience is entirely intellectual, or ifi reality of ita 
 obje&ts is to be considered as having a dependence on their: conceived by 
the mind, it would ſeem that there muſt be a difference betwint iry of 
nite e lines or numbers, and the reality we can aſcribe to infinite lines or 
numbers, which are not e, and cannot be ſuppoſed to be produced: or 4 
r in a manner that is allowed to be inconceivable. As for what is 
id of the parabolic and hyperbolic areas, We can conctive an is of the 
to be accurately. deſcribed, and its area to be determi h no ex 
ee of this kind ſhould ever exiſt. We can alſo: conceive, = hyper 
bola and its aſymptote may be produced to any aſſignable diſtance: but awe do 
ws een Gor they map y be produced to a diſtance greater than-what 
= and we may well be allowed to heſitate at ſuch a ſuppoſition in 
Ag ; geometry. Any finite ſpace being propoſed, the hyperbolic area (rermi- | 
nated by the curve, the aſymptote and a given ordinate) will exceed it by. 
ducing the curve and aſymptote to an aſſignable diſtance; and there is no 
able limit in this (as in ſome other caſes) which the area may not ſurpaſs in ma» | 
gnitude. Therefore it is ſaid, that this area would be infinite, if the curve and 
alymptote could be infinitely produced. But no argument for admitting magni- 
rude actually infinite can be 1 from this, which does not more'cably ap- 
pear from hence, that a parallelogram of a given height would be infinite if it 
could have an infinite baſe: from which it cannot be inferred that ſuch a baſe or 
. can; actually exiſt. It is oſten faid, that a rectangle of a given 
— on an N baſe (as the Analyſts ſpeak); is imaginary.: but we can- 
— or rectangle can exiſt. It is not how- 
255 4 5 : 25 ever. 
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geometry. | 
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ſuch an area never can equal, though the curve and its afyrii- 
ptote wy roduced never ſo far; to which however the area approaches, ſo that 
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number un, being finite, is not the next to it in the pro on, (which erereds 
it by unit only,) 115 . Should we allow, that a finite number becomes in- 
finite by adding unit to it, or even by ſquaring ir, how ſhall we diſtinguiſh finite 
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exceeds all aſſignable that which cannot: res * any 5 
mentation; theſe being ly oppoſite to hat we moſt clearly Cnceire * 
nite magnitude. But j of theſe conſtitute the idea of — nitude, as - 
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| & into perplexities and contradictions; and their minds be over- 
e ei by an object too large and mighty, to be ſurveyed and ma- 

ned by them Mathemaricians indeed abridge their com- 
putations by the ſuppoſition of infinites; but when they pretend 
to treat them on a level with finite quantities, they are ſome- 
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dicious author. To mention an ioftance or two: The Nane 

fion of the numbers 1, 2, 3, 4, 5, Ec. in their natural order, 

j; Is ſuppoſed to be continued to infinity, till by the continual ad- 

; dition of units an infinite number is W RR which is concei- 
ved to be the termination of this ſeries. This infinite number 

is ſuppoſed to be ſtill capable of augmentation and diminution; 
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. by the addition or ſubtraction of the ſame units, from which 
4 it Was ſuppoſed to be generated. In a progreſſion of this 


eſt term, and is finite when the 1 
ber of terms be ſuppoſed infinite, the laſt term cannot be finite; 
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of unit or of any other finite number; and yet © a greateſt fi- 
nite ſquare number is ſuppoſed in ſuch a progreſſion, the next 


*I) is ſuppoſed infinite. From theſe ſuppoſitions it is infer- 
red, & that in ſuch a progreſſion continued to infinity there are 
4 ute numbers whoſe ſquares become infinite 7 though it 
ſeems very evident, that a finite number taken any finite num- 
ber of times can never produce more than a finite number. We 

may perceive from theſe inſtances, that it is not by founding the 

igher geometry on the doctrine of infinites we can propoſe 5 
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the methods of indiviſibles and infinite ſimals, by which ſo ma- _ _ 
ny unconteſted trutlis have been diſcovered, are without . 
dation! We acknowledge further, that there is ſome V 


in any other ſcience. But geometry ; 
and plain principles; atid theſe ſpeculations-are ever hoi: 
ous to ſome difficulties. "If the greateſt accuracy has been *' 
ways required in this ſcience, in Tteaſoning concerning finite 
| quantities, we apprehend that Geometricians cannot be too ſeru- 
paulous in admitting or treating of infinites, of which our ideas 
are ſo imperfect. Philoſophy probably will always have its my: 2 
ſeries.” But theſe are to be avoided in geometry: and we ougn rte l 
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It is juſt at the ſame time to acknowledge, that they 

firſt carried geometry beyond ĩts: ancient limits, and they Nh? „ 
have fince enlarged it, have done great ſervice, by deſeribing "3 
plainly the methods which they found ſo advantageous for this *-! 
purpoſe, (though they might appear exceptionable in ſome 1. | 
ſpects,) that others might proceed with che fame facility to me ñxĩi 
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di{coveries- by demonſtrations in the ſtricteſt form; and othe s © 3 
were able to have done this, had they not choſe rather to em. 
ploy their time in extending the ſcience: © At firſt, the variation 5 
from the ancient method was not fo conſiderable, but chat it was. 1 
eaſy to have recourſe to it, when it ſhould: . „ 
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parts nd The 51 indeed —— — 
| 2 time. v con 1 always 
— but of of pu ad perfectly uniform and ſimilar. Thoſe 
; of ſpace: exiſt together; thoſe of time flow"eontinually':® bur 
by motion the become the meaſures of each other reciprocally. 
The parts of are permanent; but being deſeribed fucceſ- 
ſively by: orion, the ſpace may be conceived: to flow as the 
| ume. The time is ever periſhing ; but an image or repreſenta- 
tion of ĩt is preſerved and Preſented to us at once in the ſpace 
| deſcribed by the 1's * 27101 eue l e FAHES | 
. Time is conceived to flow always it an uffn Schrk; | 
that ſerves to meaſure the: changes of all things. W en the 
ſpace deſctibed by motion flows as the time, ſo that equal parts 
of ſpace are deſcribed in any equal parts of the time, the mo- 
tion is uniform; and the volocky is nivtlated: by the ſpace chat 
io deſcribed i in any given time. As this ſpaee nidy be conceived 
to be greater or Ieis, and to be ſuſcepeibſe of all degrees of af. 
ſignable magnitude; ſo may che velocity of the motion by which 
| we ſuppoſe the ſpace: to be always deſcribed: in a given time. 
The velocity of an uniform motion is the ſame at any EE 
the time during which it continues. ©'But motion is ſacccpable 
the ſame variations W irh other quantities; and the velocity in 80 
ther inſtandes may increaſe or decreaſe while the time word es. 
In theſe caſes,” however, the velocity at atry term of the time 1s 
accurately: meaſured by the ſpace that would be deſcribed in a 
n time, if che ne was to be Sontinued mm pens from 


. An y ſpace and time b given, a velocity is deter Wed 
by that ſpace may be deſcribed in chat given time : And, 
converſely, a velocity being given, che ſpace which would be 
de ſeribed by it in any given time is alſo determined. © This being 
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enquire further what is the nature of this power, affection or 


mode, which. is called Velbcity, and is oc aſcribed” to 
the body that is ſuppoſed to move. It ſeems to be ſufficient for 
our purpoſe, that while a body is ſuppoſed in motion, it mufs 
be conceived to have ſome Geo or other at any term of the 
time 5 it moves, and t rat We can demònſtrate accu-" 
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7 6. But | 


and this Cams to be a ſufficient, 


no cauſe in common philoſophy, 
dered as an el 


velocity as the action 21 power, or as the 


a dias are thew a «reg al abi velocity a, at atry term, in cł 

Pats that belong to this doctrine, as will appear in 3 
of this treatiſe; eſpecially ſince it is the buſineſs of g 5 
as we have obſerved. errand LE — ra- 


ther than wofold b ae eee 
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th er b * e Large » bo deſcribed in'woers 
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tain Some perhaps may! _ ee nr” IE ee 0 
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ech chat if a body C 
time of its motion, and was to be 
fluence after that term, it would pi 
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form motion, deſeribin . 


wn, 
be conſidered as à power: 


bur Whas is intel a 
ect: but this does not hinder us from judging of 
effects from ſuch cauſes. However, eee 9g is . 
ſion, they may ſu e eee u oa — they 
to which they may aſcribe; the power, conſideriug the 
adequate 

and meaſure of its exertion, while ir is ſup to produce * 
motion at every term of the time. We have obſerved already, 
that the principles of this method are analogous to the general 
dachi of powers, or may be conſidered as a particular appli- 
ion of it. As a power which acts continually and uniform- 
ſured by che effect chat is dag he mes. 


1 che velocity of an uniform motion is meaſured by the 4 
ſpace that is deſcribed in a a given time. If che action of t 


power vary, then its exertion at any term of the time is not 
1 wag hg the effect that is actually produced aſter cha tor; 
but by the eflect that would 1 een pre 
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* moſt common and eyident 1 8 
fundamental prineiples of chis method. The fiſt is, That when 
the quantities Which are generated are always, equal to each . 
ther the generating motions muſt be always equal. Phe te 


foundation of the direct method f fluxions; the ſecond, 
| ſidered as caſes of theſe two general prinsiples: 'When:the:ef- 


ce continued uniform rom ha term 21d, | 
in the 2 manger, nun of. a: vartable motion arr, 


given term of time ĩs not to be meaſured by the ſpace tha 


actually deſcribed after that term in a given time, but bycke | 
| ſpace that Would have been deſcribed if the motion had eonti- 

nued ubiformly: from that term. If the action of a variable 
power, or the velocity of a variable motion, may not be mea» 


ſured in this manner, they muſt not be ſuſceptible of any men- 
ſuration at all. It will appear afterwards) in the courſe of this 
treatiſe, that the other principles of this method correſpond with 


2 lain mazims of the general doctrine of powers that are 


yed OO us on every oc Wee reckoned a+ 


There are two 


8. 


cond is the converſe of the fitſt, That when 8 generating mo- 


tions are always equal to each other, che quantities that are ge- 


nerated in the ſame time muſt be always equal. 1 finſt yr 


the inverſe method. But, it is gbvious,. that they may be 1 0 


fects produced: dy two powers are always equal t each other, 
then (uuppofibg that no other power of any kind afſects their 
operations) theſe. powers. muſt: be ſuppoſed co 20. enwally at 
any term pf; 1 and, converſely, When the actions of 


two powers are always equal to HER other at any term of the 


time, then the effects dil vn them in the fame Ge a 


be always equal. ent eee e eee 
7. This method is ſo well "Sir wii that its rules and operati- 
ons may be deliyered in a way Se ee any general prin: 
ciples that are not repugnant tothe ws &evidentnotions;ithough 
it is,impothible; for ug, in renne e i e Tee | 

that may appear. equally conſiſtent with every fcheme of meraphy- 

 fics. Ir has been trequentiy Cnſidered in, manner agreeable 


to the principles of thoſe who ſuppoſe quantities to conſiſt of 


indivifible or infinicely ſmall ae rl We are to proceed u 


on e BONE Sa igi 3 „ poſſible 
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for 


merry.” 3 — — 

of this method; ſince we have occaſion in it * 
more than the moſt obvious notions of ſpace, time, motion and 
velociry, that cannot be Taid'oo Yiekd: e g n 
: „„ eee J „„ 

8. When we ſuppoſe chat a body has — locicy:coiorker 
at an term of the time during which i ir moves, we do not there 
fore that there can be any motion in a term, limit or mo- 
ment of time, or in an indivifble point of ſpace : and as we ſhall 
always meaſure this vel 1 ore ſpace that would be deſcri- 
E ſome given finite time, it ſure» | 
not be ſaid} chat we pretend e tor 
| x ob without regard to ſpace and time. LIFTS 

9. But to — When any quantity is propoſe 
tlices of ths mo kind may be conceived to bo gener ow 
it; ſuch as are greater than it, by ſuppoſing it to be increaſed; 
fach as are leſs, dy tappoling i it to be diminiſhed. * In the com- 
mon arithmetic, integer numbers are conceived to be produced 
n or unit to itſelf continually, and fra- 
ctions are produced e ng it to be divided inco fuch pare 
88 AER degrees of the — = itſell. 

in geometry, t es of magnitude ma produ- 
oed, and in ſuch a way as may found a general method of de- 
riving their affections from their geneſis, we conceive the quan- 
tities to be increaſed and diminiſhed, or to be wholly generated 
by motion, or by a continual flux analogous to it. The quan- 
tity that is thus generated, is ſaid to flow, and called a Huent. 
10. Lines are generated by the motion of points; ſurfaces, 
by the motion of lines; ſolids, by the motion of ſurfaces; 
by the rotation of their fides; the flux of time being B 
to be Ways uniform. 'The velocity with which a line ows, 
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cual to che ſurface. 
bös the fame as the velocity f #p oe 
ving parallel to itſelf, is gp: os an 15 gs ar 
cyhnder that is always elt 
Which af angle flows, 12 34 Ae 
that is ſuppoſed to pin che arch Foe LY 
always ſübtends the angle, and meafures It. 16 gen TS, al, A 
quantities of the ſamè kind (when we ge Katy magnitu 
only, Se abſtract from their 13 figure, and other a 
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ame Proportion do each N As EE 5 Gi 
8 K by PT ES #ht"Tines in this ma in che Ele 
nts, in the general dottrine Pry proportion,; 100 a "ge 0 In 
and figures it the Data of ar *. In this method Ake ie 
quantities of the ſame kind may be ref teſented by " right. lines, 
_ "atidthe'yelotities'of the motions by which they are fe to 
be generated, by y the velocities ol fers moving in . lines. 
All eee have mention EI, 4p Ars 
of e of the e Ho the ſpaces which Noll be efcr] 
bed in a given time, by theſe points, lines or ſurfaces , with ch eir 
142 _ EL 3 0 e e 1 2 211 5 
11. The veloci 44 whic a flo T 
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_ -*ion which is therefore aliyays meafured bythe; increment or de- 
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acceleration or retarflakioh: br it. may be e by the 
tity that is gene ratpd in a given tim by an unit 5 
is equal to the generating motiof at chat ei 15 e 


IV, or is deſeribed by an uniform motion; and a moment 
termination of time is repreſented by a point or termi; 


* See the prefce to the Data by Marinus, near the end. 
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tion, if it Was continued uniformly from chat term without, ; any 
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chat line: PE en velociy is repreſented by a given lines the 
tame which 8 be deſcribed b 15 a given time. A velo- 
city that is accelerated or f ch is repreſented. by a line that 
"Increaſes or decreaſes in the ſame. — 2 Ihe time of any 
motion being re 5 a Re, a. figure, and any part 
of che time 2 175 ie Inns BATDG part. of the baſe; if the ordi- 
nate at any. point of ſe be equilco the ſpace that would 
Be deſcribed - » 55 en time, os Bog . 4 the e 
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is rothe r NR; and FG is to GH in the fame ratio of MN 
to NR. Therefere CD. is to DE as FG is to CMH; that is, the 
ſpaces deſcribed by the firſt motion are in the ſame proportion 
to each other, as the ſpaces deſcribed in the ſame, or in equal 
times bythe ſecond motion. The ſpiral of ARCHIMEDES be- 
ing deſeribed by the ompofition of two uniform motions; one 
of which is' pt moi "the other circular he had occaſion, in 
demonſträting its roperties, to make uſe of no more of the do- 
_ Etrine of motion tan theſe two theorems.” But, in eſtabliſhin 
a general method for diſdovering the properties of ea 
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sede uppoſe the points P and +p2to- deſeriby the lines AK, k in 
the ſame time, Wich motions uniform r varied at pleaſure; but 
ſo that the ſpace: deſcribed; by be always equal to the ſpace 
deſcribed by p iri the ſame time. hen alf che velocity of 'p 
at any term or moment of time be equal to the velocity of P 
at the ſame term or moment. This theorem is ſo evident; that 
it may ſeem to need no proof. If AK and k be right lines, 
and We ſuppoſe ak to be placed ITO the TOE OF be 
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ler DG and g be any e eee er 7 
the points P and p . time eee ibn, HN. Then, 
becauſe the motions of theſe points are perpet 2 — 1 
during the time HN, it follows B firſt: axiom, chat the 
ſpace which would be deſcribed in that time by p wich its moe 
tion at A continued uniformly, is leſs than dg, awhich is deſcri- 
bed by it with an accelerated motion in / the fame time; and it 
W from the ſecond axiom, — ſpace which = 
i art de 
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the. 8 of p at 4 is ſuppoſed to be greater than the veloc- 


ty of P at 


S muſt be leſs than the velocity of Pat L. But theſe velocities 
were ſuppoſed: equal; and theſe being contradictory,. it appears 
that the velocity of p. at. d is not greater than the velocity of 
Pat D is not greater. than the velocity of pt d. Therefore 
the velocities of P and t are equal at this or an other term 
21. The velocities with which the points P and p come to 
D and à may be ſhewn to be equal, ene principles, 
without ſuppoſing their motions to be continued after the rerm 
H, by conſidering the ſpaces deſcribed by them before that 5 5 
term. Let BD and hd be any equal ſpaces deſeribed by the ; 
points P and p- with their-accelerated motions in the time aH, 
then equal, let the velocity of p at 4 exceed the velocity. of 
F. at D. By the ſecond axiom, the {pace that would be deſeni- 
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would be deſcribed in the fame time #H. by the motion of p at 

| continued uniformly, is leſs than d or BD. Therefore the 

EE. velocity of Pat D is greater than the velocity of p at Y but 

it is ſuppoſed to be leſs than the velocity of p at d; and conſe- 

quently, it may be ſuppoſed equal to the velocity of p at fome 

intermediate term 3 of the time H, eee ee to ſome 

int m betwixt Y and d. Let MD be equal to md _ 
Be Mes will de debe Bed in we fü dme 41 by 

Points P. and p. By the ſecond axiom, — — 

| Ee deſetibed in che time 4H by the motion of P at D continued 

uniformly; is greater than MD. By the firſt axiom, the ſpace 

which would be deſcribed in the ſame time HH by the motion 

of pat m continued uniformly, is leſs than ma or MD. There- 

5 fore the velocity of Pat D ĩs greater than the velocity of p at 

N n but they were ſuppoſed equal, and theſe are contradictory. 

5 I.̃t appears therefore, 6. noir ary of p at d is not greater 

| chan the velocity of Pat D; nd in the fene in aner kr i er, 

that the velocity of Pat B is not greater than the velocity of 

E 4 yn wh ara Sagan 5 mod to Dad 

JJC 11 
2. * ee the motten ol F ie perpetually re 


: retarded.” Funke veldely of P er ee 5 16= 

| city of p at a, let it firſt greater. Suppoſe DG and g to be 

gcumqual ſpaces deſcribed, in any time HN, by the points P and 

p with their motions continued after the term H, at which they ll 

are ſuppoſed to come to D and 4. Becauſe their morions are nm 

| perpetually retarded, it follows from the third axiom; that the nl 
ſpace which would be deſcribed, in the time HN, by p with its 

motion at 4 continued uniformls is greater than ag, which is 

Geſcribed in the fame time by p with a retarded motion; and 

it follows from the fourth axiom, that the ſpace which would 

be deſcribed by P with 158 motion chat remains at G continued 


i for: 4 ee 
|: unforly 5x 6 tie nao UN before the motion off P ig 
reduced to the velocity which ir rovains as beten There 
| fore: the:velocity:of pj at L S493 £30247 % ne hit SITE 
is greater than the de- A2 2. | 2 une — G7 

loci of Prat: ant eren " Fr 

ſince it is e ee * 35 7 2 2 

than the velocity neee * a 1 

D, it may therefore be 00 2405 A 5 1 

ſuppoſed equal to ſome _ 10938: ne n — — 
3 , . 

P, as to chat with tel ir comes to ee „betwirnt D 

—_ Let al be equal to DI.; and let theſe ſpaces be deſcri- 

bed by the points 85 and. 5 ah their retarded motions in the 

time HQ. Then, bythe ind axiom, the ſpace that would be „ 
deſoribed in the time HQ by the motion of p at 4 continued oO vw 

uniformby is greater than dl; and; by the durch axiom; the . 
ſpace that would be deſeribed in che ſame time HQ: bythe mo- 
tion of P at L continued uniformly is leſs than DL or _— 

Therefore tlie velocity of p at A is greater than the veladity of 

P at L: but they were ſuppoſed equal; and cheſe are cot | 1 
diftory. + It appears, therefore, that che velocirxzef P at Dis 1 
net greater chan tlie velocity of p at 3 Beer ir . l | 
in the ſame manner, that rhe 5 78 pat dis gre 

than the velocity of P at D, theſe . muſt —— | re be 

equal. It is eafy to ſhew that theſe velocities are equal, 

conſidering the ſpaces BD and bd that are dived, ot Hears 

p before they come to D and a -without ſuppoſing 

ons to be continued aſter that term 12 0 127 | 

23. If the motions of the points'P andop are Wurd debe | 

leraceiliand-fajuetianes retarded, then DG and dę, or BD and va; 

muſt be ſuppoſed to be ſpaces deſeribed by them, either while 

they are accelerated onby, or while they art retarded only. We 

have u r view, in theſe theorems, ſuch motions as are uni- 

form, and ſuch as are inoreaſed or diminiſtied by a continued ac e 1 

leration or retardation. But the demonſtration may be ext endes 

to theſe caſes alſo, where the motions are ſuppoſed to be incree= 

enn at certain 1 of che time * 


4 


8 
r 
3 3 = 


7 
— 
1 
* * — 7 
— * 
N — 2 Vi 
We 1} 
* oh. | T1 
| 
== 
; 6 ES Fe. 
1 81 
ET 
3 
1 
1 
U CM) 
3 
4 
1 
1 
4 * 
„ 
1 * 
r 
. 
bo 
"If 
FS |. 
5 
4 
14 
Pet 
FA, 
v8 
1 " 
r 
5 
0 
2 7 
7 1 
on. 
12 
4 
CY 
q WY 
Q 3 
\ 
=O 
gy. 
_ . 
2h 3 Pl 4 
= 
_ 
=_ 
EIT" "A 
1 
— 2 
2 9 N 
mY 2 1 
b Ho Los 
9 72 1 
e 
_ 
1 
We . SK 
A.” " 
1 
> Hh 
_ © 
4 I 
N 
E 
415 
2 0 
* 1 
5 1 us 
; ot 
©." 9 
= 
3 . 
3 s 4. 
= 1 
= 
_ =» Bd 
_ 
nf hr + 4 4 
=. 
bl | 
145 by 
os. / | 
1 
8 
2 » 
1 
+8008 # 
7 43 
4 's 
14 
* 
6 Ne 
7 
1 
by * et 
l 
"uw 8 
© 
Re. 1). 
F x" 45 
Ele 
e 
1 
1 
3 
* 
11 
RT. | 
9 
% 5 
1 85 L 
_. 
1 
1 = * 
9 
2 
#47 
BE d: 
1 
- F 
D # 
_ "IR 
l 
| 
IR 
A. 2 
1 7 
= 
_— \- 
ee” 
3 1 
„ 
4 ? AS 
2 * 
% > ka 
- SM 
4 2 
/ "=. 
1 
i 
_— 
— =o 
by 14 
_ = 
l 
1 
" Q's 
RT 
_ 
_ 
48 
0 Is 85 
3 
1 1 
2 
15 
158 
- 
He 
"06 
"= 
SIE 
<4 * 
1 
* 
1 
33 
by 
a 
1 
BY 
"is 
" 
1 
2 
3 


AE ng. E427 % 
e 
„ LETS RYE 
— D 8 
l 
On A 


A - 3 
* 3 * = $6.5 BY phe, on, p< 


— 


article, inſtead of ſuppoſing, in the latter 


demonſtration 
motions of P and p are perpetually increafing or decreaſing, but | 


3 "poſe che powns-? "and pro deſeribe the hie lines AG 


ig terms, er in a part of that in 


that the ee of p at d is equal to the v of k 
— dome? | 4 place berwixe D-and.G, eo ſu 
| r than the velocity of at 
In t ; we may ſuppoſe the motion of p at d to be 
either 3 the motion bo P at L, or leſs than it; and thus the 
may be accommodated to thoſe caſes, when the 
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4 with any motions, uniform or variable, bur ſo as that che ve 
locity of p at nth term or moment of time be always ex 
the yelocity.of P; at the fame term. Let DG and dg be 
ſpaces deſeribed by them in the f me time Hz and DG hall 
be al Ways equal tog 2 ale i: 
Caſe i. ee eee 6 
is evident, that ſince theſe motions are equal, (by the ſuppoſiti- 
en,] the ſpaces deſotibed by them i 10 the fame: time muſt be e 
qual; and therefore in this caſe DG $002 0:02 280 

e a. Suppoſe che motions of che points 5 and p. to be 
1 J accelerated while they deſcribe the ſpaces DG and 
5 and ir ag be not equal to DG, let ix firſt be equab to any 
live DK. les than PG. Let the right line HV, Which repre» 
inks the time, be divided by.a' continual biſection into eſual 
HR, RS, 8Q, , till che time repreſent ! by:qne: of 
theſe parts, as Q Pa be leſs than the time in which the point P 
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the point P with its motion —_— andrer unit 
chan MN, which was deſeribed By it in an equal 

its velocity at N was acquired. Therefore is greater than 

MN. In the ſame manner it appears, that mn is greater than 

LM, and im greater than DL; fo that 15 greater that DN, 
and de is ſure . than DN. But id greater than DI DE: . 
for the time Q is ſuppoſed ro be leſs than dime in which 

KG is deſcribed by the point P; ſo that NG being deſcribed in 

5 time V, it muſt be wy than KG, Sh 1 Py. 118 be 15 9 | 


1 2 ; of \ - 4 3 6 yore; ; he 8 A Hake 3 8 > * 4 
' . , 3 PAM” 8 . % e: e N r 1 2 8 4 8222 1 — e 
n r 1 2 i ME IA "=> - 3 3 % BL 8 7 r le 5x 0 4 n reer 2 4 n 
3 2 4 << W:b- ET 3 So ahh ts Sag n CITIES, 8 * -— » wa a * NS r > * a = * * S8 \ -2* - 2 & 
— — 2 — Tb S 2 — — I 2 Tot 2 — AO N 8 r Lat = Ne A ——_ _ LA 8 : 2 D n 
— 2 cen OE 2 IIB bv mk OSD PE As oe AAA 2 — . Ts —-„ 
- a r >” I 25 75 "pe * r A r n r — — — —— — — — — — C — — — — _ 
p a n —_ 8 n = D * * » "A. 7%; = RTF 5 _ PLS 7 r — - TRY 
— = 8 STAT _ 


3 
— 
* 


1 8 8 5 » g » 
n 


Wy 
i 
it 


— 1 Og a 


Fas 
Ad 

, 
<* 

ws 

wn 
7 
5 
* 
* 
92 
LG 
5 

2 7 
3 

RET 5+ + 
* * 

I 


8. 
4855 
15 
125 
The 
E 
Wt 
5 
FE 
"RE 
7 — 
"A 
Tho 


not 1G chan 1 
not leſs than 25 1 888 cheſs 1 DG a bt 4 Which 
are deſcribed by the points P and ꝙ in the fame time, are equal | 
e e 1 ori n 
2 2 the motions of the points pto be ; 
petu Ks and if ag be not Den e en 
15 TN A line KG leſs than DG. te the time. HV be divided by 
a continual biſection into the equal parts HR, RS, SQ, W. till 
the time HR be leſs than that i in which P den DR. Let DL, 
LM, MN, NG be the ſpaces deſcribed by P, and di, in, ma, ng 
de the 1 paces deſcribed by p, in the equal times HR, RS SQ, 4 
TINO CRIT be lefs- an DR, becauſe it is deſcribed by t 
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by P with a retarded motion in the ſame. time. Therefore un 

is greater than NG. In the ſame manner it appears, that in is 

eater than MN, 4: er than LM, and, n chat 
s gre 2-10 that 5 is s ſurely Nahas d 
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the ſpaces deſeri 
and its motion is alſo perpetually accelerated: In the ſame 
| that the points P. and p deſcribe the ſpaces DG and 4g ew 
| their accelerated metions, the point P wich its motion at & co. 
tinued uniformly would deſcribe a greater ſpace than DG, (by 
the ſecond-axiom; ) and the point p Wich its motion at d con- 
tinued uniforml T- deſeribe a Tels fpace than dg, by the firſt 
axiom. There 
veloeity of 5 at J in a greater ratio than DG is to dg, or E is 
to F. From which it follows, that if tlie velocity of P at D 


F, then the velocity of P at ſome t 
and G might be to che velocity of p at 4 in the Ver 7 fame ratio 


F. Then . vg of P at any term af the time ſhall 
= the velocity of p 12 J 7 ſame term in the ſame 1 ime full be 
tio of E to 5. I the firſt place, if the motion of P be uni- 
form, ſo that equal ſpaces be deſcribed by. it in any equal times, 


equal ſpaces wil ł be alſo-deſcribed by p in any equal times, and 
irs motion will be alſo uniform. But the Velocities of uniform 


motions are in the ſame proportion as the ſpaces deſcribed by 


| them in the fame time; and therefore, in this caſe, the yeloci- 


of P is to the velocity of p as DG is to , or as E is to F. 
28. Caſe 2. If the motion of the point P be perpetually ac- 


celerated, then ee the ſpaces deſcribed by P and p in the 


fame time are s to each other in a given invariable ratio) 
wh by p in equal times [perpetually increaſe, 


che velocity of the point P EG 26" 0 


was to the yelocity of at d in a leſs ratio than r at of E to 


as E is to E. But chis is impoſſible ;* for ſuppofing -L. to be f 
2 term, let the ſpace DL be to di as E is to F, and theſe ſpaces 


will be deſcribed by P and p in the ſame time, by the fuppofi- 


tion. Tt follows, from the ſecond axiom, that the Pune P Wirt 


irs motion at. E continued uniformly would deſeribe 2 greater | 
| ſpace than DL, in the ſame time that it delcribeg the pace DL 
with its accelerated motion; and, by the firſt axiom, the point 


p with its motion at 4 continued utiformly would deſeribe a 


leſs ſpace than a in the ſame time. Therefore the vet of 
Pat E is to theiveloeity of p at d in a greater ratio than L N 


is to ah or E to F; fo chat the velocity of P at L might be to 

the velocity of p at d in the fame ratio as E is to 25 and in a 

n ratio at the ſame time; which 1s abſurd: It appears, 
there 


8 that the 8 of the laces ws; P «Nees: ho "AY 
ity Me «0 cannot be en e Ex to F. Suppoſe now 


8 — er than the ratio of 
N E to F. In the ſame 
time that P and p de- 
ſeribe DG and 4g 
Fd With their accelera- 
ee ted motions, che point 
P with its motion at 
D continued. fond ; would ng a leſs ſpace than DG, 
(by the firlt axiom,): on the point p with its motion at g con- 
re uniformly. would deſcribe a greater ſpace than, dg, by 
5 ſo that the velocit of Pat D is to the ye- 
locity of p. at g in a lefs ratio than 3 1s to gg, or E is to E. 
Therefore, if the velocity of P at D was to the velocity of 9 
at d in a greater ratio than that of E to F, the velocity of P 
at D might. be to the velocity of p at ſome intermediate term 
betwix Aan in the fame ratio as E is to F. But this is i im- 
poſſible. Is uppoſing / to be ſuch a term, and Db to be to 
in the ſame ratio as E is to F, 8 ſpaces would be del 
bed by P and p in the ſame time, * ſuppoſition; and a leſs 
ſpace than Pr. would be deſcribe in that time by the motion 
of P at, D continued. uniformly, by the firſt axiom). but a 
rater. pace than d would Tg de cribed. in the ſame time by. 
the motion of p at / continued uniformly, by the ſecond axiom; - 
> that the velocity of P at D would be to the yelocity of p at 
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|. Cot DSS repreſented'by the parallel 5 
87. Caſe . Ler the baſe, ormly, or. the. morion. 
of P be uniform from 0 towards K; and the, motion of es 
right line mn from o towards 2 hall be perpetually retarded,” : a ER 
by lemma 3. In this caſe, 27 chnſtructſon and figure being —_ 
the ame'as in the former,)"the ſpace k is, greater than the pay © 
_ rallelogram eh, or the t trapezium DECB, by ax. „„ „ 
Jeſs than the parhllelogram bd, or the ED 'GHED, V 
ax. 4. I ſay further; that che parallel z© 1s preciiely.&  _ , 
qual to the Parallelegram EG. For, if e be be 5 55 wo | 
let it firſt be eater than EG; and, D > being {ed © 
greater than DE in the fe "pn 
Hals meet GH in L: and e Wilk be equal 1 
the fame manner as em article; che par 
or el, is to the parallelogr RQ #5 the aſe 
it follows from theor. 1. n in the time 
would deſeribe a yo equal to the | Zarallelſi 
motion continued al ormly from the term” 
1 'S 108 0 0 Gut 2 e iat 
With its retarded moriot elſe” += me to 
W. But the parallelogram R 
NED, ſince DR is 1 than D 
_ the parallelogram ok Serials than 
dee tontradifto 7, it 19 Ws, that the 225 5 ö 
than the parallelogram EG. Let e e . 
| © fuppoled leſs: Hale EG, and Dr leſs thin PE in ay hog "4 „ om 
3 8 then, own the parallelogram 7G, as in the „„ 
article, 1G: ſhal to ek. Aude ince 1 0 9 | | 
„is to % a che bee D is to 85 5 it Ges from chen 
1. that, in the ſame time P deſcribes Dy, tlie fight l þ = 
would deſeribe a ſpace equal to the e rq, by its 
continued uniformly from the” term when p comes to 
4. Bot this ſpace (by ax: 3.) mult be greater than, che 1 8 7 
zium DEA, 'which-is'equal'ro'the Tpace deferibed in the Tame 
time * * * * motion is  recarded” Nein the 


FS HE 


*; 
0 E wy 
4.7 
1 
+4 
3 
4 + IS 
. 
a 
1 = 
1 
7 3% 4 0 1 
” 1 RIS 


35 


- 
a 
Pal 
* 
. 
+ 
1 
* 
2 
— | 5 
a Fg * LT 
or 4 . 
<7 Who 
« 
+ * 
> 
- 


1 


co 
* 
ke 
7 
oF 
„ 
8 | 2 
* 
* 
* 
* 
1 
* 
£4 
„ 
* 
% 
* 
1 
* 6 
* 
8 / 
= 
* 
- 
15 
- 
5 
3 * 
* 
t 
nt 
„ 5 
> 
” 
_ 
* ur 
* 
1 rn 
* 
« * by * — 
S 1 


* 
% 
” 


K 


x 


A 


1 N 25 <0 
r ] rt er 


ee re rs, 


6 f py 


14. 
Fo 
| 


| s Tels / than D 


vl, 


* N 1 2 


-"and MES — 5 equal. 15 
BAIN en Jonas orthe 


P om A e l be p wg d, by art. $4. 
In this caſe, if et be Appel „ let R be 
1 9 ame 

Q 


G) with. its. uniform mori 
Wich its 22 55 b ne -thew 


Peg 


it ff 


AXs 3. E would. deſeribe-a Ine 


% 


5 its mation. cominued = 


if Dr de leſs than DE. i 
N e ck ſhall be equal to 7G. Let 11 
meet CH i 1n #, and 


that, in th 
uniform 
nal to — vg Its 


time pm 
motion, 2 point 
motion 1 


e equal to 79 with its 
à line 


ru Em $#4 * 
„ "IC "OK 
FE * 3 3 
7 4 


* * £5 & "s ; "Be $ | 
1 * 1 

$8 # * I f 
5 4 

f 

= 4 

1 

* H * 4 ; 
ev i Ne * 2 e oy \ 


. . TY 
» 
. 
> * 
&3 
— 
A 
. % 
ws, 
* f * 
8 * f 
* 
. 
3 
3 2 
1 ; — , ; 8 
8 Fe = "Fel $f 
n my 0 * 


"A 4 


8 5 4 


5 J * * 4 — | 
R „ -_—_ 
© C 


N 


N 


® 


p 8 Weſt . . 


0 4 SY ws 
7 * IF % * Nerf r 
4 0 4 a a 1 2 5 ** 
: * a ** 


1 4 i x * > 25 N 8 8 a X 
2 £ 5 1 * > N — B - > * nN * * 7 
P ” *__ | - 4 > # 3 £ * 12 i ; * Fe s 5 : 4 
* 1 1 Wl * ? 1 * # x : 2 
8 ES oP * 5 8 * 2 0 2 g : — 
. - * 4 * 8 $ _ Y 2 A : 
* of £ - E * 7 * « : x 4 s * i % 
v8 5 5 - wo p a 5 #0 8 i 1 0 0 2 4 
: a 5 5 1 15 en | 5 Fee 2 : 
"_ ; 4 & 3 4 * ” nab PSs. * 2 4 1 e 2 3 : k # 1 
+ , 8 [x LS - ; Fr FOE. 8 8 . — ; : . 
» F 1 % * g * W n 8 * 7 / 
* * . * 85 1 1 Bs N 
. A 8 E 1 . N 
8 * . * 4 748 5 «4 rd rs nts __ . 6 8 0 : 7 5 4 4 | I 
* 2 8 A — * i . : * 2 - : , 5 9 8 
f 1 4 © ; $ * F x A . * ; N Q 
> . . . © a * 4 g 4 * £ | * Vf 
3 * 3 N # a A , A W945 = . £ 1 { ty, 
B 4 5.8 F . E 2 ; & : * ' A ; D F 83 f 4 , + Þ 
4 & bt * : 3 ; * 22 1 4 
2 ; I a ; — N 855 N Fa : ; 
- - — 's, - 4 2 4 ' ; - 4 > * * 
2 * 4 * 4 1 , A 7 5 pF "IK > , * 3 : . 8 1 ; : ö = 7 3 $ ) 
< | 2 1 N 2 r 4 ed A Re ant 144 UNA ro eg * el 3 $ g 3 "1 4 Jan ; ere Z "I 
8 (at wells 3 bs ff % 9 £ x F ; 22 . 3 15 \ p ; ; 8 
\ 4 4 1 F . * ' * — 4 F 3 * run 1 : * , 7 
* RY vs; 2 1 " : F N : 0 2 
4 8 * FY . 4 5 þ * »; n X * * 
£ — : . » 3 1 \ a f ö 1 ; : 
5 $32 * þ * * D I 15 % ; . 4 , * 5 2 
=> , , # * 3 ; 4 4 # . N : pe 
. : 0 5 : NY” ; i ' 
c 7 + 4 N , = \ . 4 \ 
i : 8 SS, 4 $467 . 4 . * N PR 4 * 1 5 2 > * * 0 1 t + 
= 1 . © $ 9 5 2 1 * 5 : 2 2 f F j 18 7 + : NS - Fa 2 5 
r 5 - Ke * 8 : ot N i Ef EN WY PF > d 
* : +: Ge » x 8 2 . j 1 0 , a N 
* wo» 8 ' ; a 29 2 # 1 1 ; 5 
* — 4 0 "%.. . . * . N 
: Ro * 5 A » . ey - -4 
, 1 * 2 s 1 1 
N ? 7 . W . : ; 3 ? 4 2 5 A CEN REM" 125) Mgt! 0 
3 : 8 4 ® aa nc. W 84, 9-2 Sean tG . 4 9 1 RS; 3 i . #5 . * . 4 
** . ' . 3 W. ©2 „ q . x 4 7 7 * F $ 2 - 
Fas * * S e * * 1 
7 . * 0 Ws ; » # 4 3, b - $f 4 Pay - 
£7 ; £ . 28 r 2 ; ; 
2 F 5 1 Wi ES ; ; 1 f ; \ 
8 pe po 5 4 5 5 KK > £ 5 # * * 1 2 * e 437 3 
{ / 7 2 : * 2s . Fr » N e 83 1 1 
. x C 2 1 . 2 PRs” PETE Rage 4 1 7 % * "I's 4 1 4 3 - 4 7 
* ; F q þ 2 . _ 8 * & x 4 S 4 3 
8 2 * v 7 8 6 2 
5 8 1 8 4 4 Ne 7 , eee * % 
; 5 x FR 4 4 2 2 x b * — 2 
3 . 4 1 1 * x { Is A — n 7 0 T7, £ i 
1 - 3 ' . . 8 5 * * 1 ; 
54 5 8 > = « 4 5 4 8 | G * 1 5 * 
| | x ; Rh 0 ; 5 5 : ] 
Y » * 3 " 2 N 
: . 7 4 1 
8 * 5 g xd , * ow x - 6 3 ; a 9 
+ N 7 * 1 , . 1 1 
by. ; . | 55 TNT. wo ns 1 f } ob 
4 : * 4 ; Sis ee eee £ 12 4 4 A " 
* * : . . 1 * F \ 
1 : s > 4 a 2 2 2 
4 « . « % 8 » 0 5 | - 
5 4 ; . . x | 05 r e ORE . wk ; 
» 2 L [1 . * 5 8 % 1 $ 4 . Wo * es 4 — 1 N cf 
* n 4 4 A " 1 * — I A N 5 Y 
b j SF) 4 1 4 1 * by 1 * 7 $ 
3 < ; . a * i ü þ ; 5 ] 
5 1 . » > 
* 5 # ' 1 b 1 5 ? 2 : * 3 \ . 1 \ 
* 8 1 A / a , 5 p 7 4 ö - 


n 
* 


A 5 4 l : \ __— 1 » " £ 8 ; 5 5 | 
7 7 77 5 . * # 55 Es EA x 1 N ys i * . a » l 
2 o » — IF * - 2 « - N 8 . A * " : 7 
” £4 « , 4 5 . 1 NE 3% | * " 5 * a 
7 3 , 9 2 . F 8 2 5 : g 5 WH. 
- Nan a 4 a # c n SS r 
Bd th ; N 2 ” . n ; 7 y 5 ; ; 
7 71 3 : i 28 | : ” ; * =. b S eh an F +; : 
25 ; 4 Wo ; wed! ; E's | - eee . 3 
9 2 g . 2 1 o 1 5 y ” 7 . bh ” e . 
2 . * : C'S 4 Ce? . 8 1 7 % 5 % 2 37” oh + A . 4 2 { 
J 1 * 2 1 4 = * 
9 : 7 + — 4 , : » * k #5 18 « 
> JE * 1 7 N * bo * « 2 ” - * 4 " 
$4 * * PO ny . , 
» 
* 


* 
% 
AP 
4 3 35 
N 
* 
« 
” 
e 
RT, 
: 
Left n 
; 
5 
4. 


2 
— 
*. 
e 
* 
* 
2 
* 
% 
1 
— 
Caps” 
— 
PAY HEN 


1 


3 
o 
— 


57 


CET Cy 
2. 


. 
A 


* 


. 
þ 
Rs ot 
—_- 
CY 
— 
« 
— 
W 


— 
* 
= 
. 
$a 
— 
- 
1 
* 
© 
” 
Ry 


Ss 
N 
2 
- 
* 
— 
* 
ue 
= 
8, 
CY 
- 


as» 
5 
+ 
: 
* 
6 
© ge, a> 7 a7 


ö * 
” 4 M * * » 
. 8 5 8 f : » A. * F " 75 . ney : 0 « ; : 
0 4 5 8 8 . ! . 12 2 k N * . 
wy 7 x C73 v > k 
_ Sp $4 : EB | Ra: 6 „5 | 8 | 1 
11 1 - ee Kr * — 7 eee, . 8 d- : L . 3 
2 7 4 *% I 1 5 * 
= 8 * * 5 A \ 7 „ . * 2 ; 2 
1 - * 5 H : \ * : I 
—W ” g - & * ; © 7 5 2 1 7 * xd e 1 
1 2 ; . * *% "2 1 4 : 2 79 * . 1 5 1 k #3 nw” R F 
: 0 4 by 4 1 4 . ko tt GP . ; 8 
£ 3 8 4 a , 12 I 5 1 $53 4 3 0 Ys ; ? 2 # : 2 e e FA by * 
DYE: 2 8 7 % « | Fe f FP Fo on Ee oo tartar cnt 8 bog ; 3 4 N ee. 
; et 2 ; 1 5 3 LS > 3 6 oi 5 1 
85 : f x * Eat 13 7 * Ba to 2 Lads : / : : * : E 
3 Kh | 5 ö 3 24 CCC : , : ; OE I 
a, - *r 877 Ft * = * 98 F 4 \ Fety { 57 . 1 4 . * . Fa 1 1 4 "Y ; » 
72 6 \ 1 Y NS « f : 1 : \ 
13 7 "In # 8 © > 87 * *y ; . i * ; ; N * 5 
3 * g "ſp . | ! 5 . 7 D d FOE ö eee : £8 
1 6 13 * 4 } 5/3 2 8 ' 8 hb 182 f 
% th * If 4 * «# 4 922 F o + 1 " * J 1 2 4 i 
8 | 8 „ + | ue. Oo is We , © ® 
: J * 5 9 . F W. 7 £ 1 
+ BB 6 7 p { : 7 4 PS 4 N j 4 
=... 5 * * 8 2 * N * : ; 
4 wo 1 8 x * * 1 1 
Fr 


4 a ac 2 — — ue 


| 4 
1 3 x : * o ö > 4 
, 4 * 3 I * z 551 2 ö 5 ; ; . : g 
7 > py . *Y g 7 5 — 1 ” | 1 
0 i A 93 r 8 : e . : $ © 
q 0 go "5 FI; , Cl F' 1 5 * 7 
N . „ 5 : s N , 1 82 | { 8 4 
4 5 2 5 | „ 82 2 4 Ws - 5 > #3 8 
. bare FA ns RS 8 1 x $ 
of * * 5 4 , 1 > 1 
#44 


7 
4+» 


* 


Mom eee eee it ig aA" Brgy. ee; 


. 
PP ee a dn 
- 
# 


"I 


2 e g os Afar > * 1 4 5 4 
. ee ee eee e a yay 8 


I 
het in, K —ͤ 6 > 
* 


* 


% 


i y $I E, $i + 
& ; / "i g 
ci 1 » \ 
= * 
2 > 1 1 d 
7 3 q 2 : ; . ; : 
p WL . 8 q SATIRE : "74 
* 4 q n Y* 


w> $i 


FFP 
4 at " 


S 4 


Ctr ade ee re 


wn 45 * 


3 ts Lads, 


N 
pj Ne 


* ieh 8 _—_— e 2 $I * 


. ** N 5 4.5 


<p 
* 
— 
* 
T 
* 
* 
LS N 
* 


L * 2 3 - 4 : , 3 pan os rr; Py PEE Ye” 1 N Y c l 
4 N by ae EY Ee MH * R n 7 a . . i 2 b!!! y ! ret: 
3 4 i 5 Ns ; 2 = 25 Ha ee eee e 48> 25, 4 ira PP PE PER Nenne : PING 9 2 
; 3 x * F od 4 be O ane 3 Ae, "Ip A rhe a 
f a 1 7 . 7 3 1 * ON „ ID * * * _ Lg 5 RAS; 
1 5 
ws | * 4 4 : 
C 7 * 4 K 2 * a N 
J Y; » 
5 2. S \ 
* * 4 * * * ' £ 
£ 1 60 Py ON 4 4 , © : . 1 8 
4 1 A "2 
| | : | 0 
- 0 8 . 4 i 
* * * * 2 


* 


r 
— 


ich Seer {has he | alntielogtihr 2 5 
3 time 2 . P deſcribes D with a retarded mo- 5 RP: 
T4 art. '$4) and therefore it would deſctibe u leſs IE "EE 328 . 
comes to 'D continued uniformly,” b 7 Andi eheſe bei ing 3p 2 0 Ry 1 
contradictory, it follows, thar che patalletogram d is not s „ 
than EG. Nor is et greater than E aden, theſe pe 
rallelograms are equal to each other) p 295 45 Eee, 4 10 To. 
* 7 $9. Ge. Let the triangle-APM decreaſe uiformly, or the ht 5 5 rn 
motion of pm from b towards # be uniform; and che f motion „ 
of P: from 'Ol:rowards A; thall be perperually* >acceletated, 5: 18 43 bet „ 
art 84. In this caſe," if e Was ecqual to an Kallen 5 po 7 9 
greater thai EG, (the conſtruction being ſimilar to that of the e 
laft article) the point P would deſeribe a line equal to DQ;-. 
by its motion continued uniformly from the term when it cms; 42 
to D, in the ſame time pm With its uniform motion deſeribes 8 85 8 95 e 
= ſpace equal to the parallelogram RQ and the point *P Would „ 
deſcribe a line leſs than DS by the fame motion cini u- 
niformly, in the time pm eſcribes a ſpace equal to — 
zum: ED. But, While pm deſeribes a ſpace equal to this 5 3 - 
trapezium, the point P deſcribes QD/ with an accelerated motis . > 43; 
on; and it would deſcribe'a line greater than Q in this time, Rs et „ 
with the motion it acquires hen comes to wed 
formly, by ax. 1. And theſe bein contradictory, it follows 
that ek is not greater than EG. If e& was equal to any paral- 
lelogram rG leſs than EG, then the point P would deſcribe Dg 
by its motion continued uniformly from the term when it comes. # e 
to D, in the ſame time pm Aesertbes 4 ſpace equal to the pa- . 
raltelogram rg; and P would deſeribe 4 greater line than 3 „„ 
by the ſame motion continued uniformly,” in the time pm de „** 
ſeribes a ſpace equal to the trapezium DE % Which is g 55 
than the parallelogram 23. But, while Im deſcribes „ „ 
qual to DEng by its uniform motion, the point 5 deſeribes Wo od 5 


8 : 


line Dq with an accelerated "morion' = and it would deſcribe in 5 1 
this time a leſs line than Dg, with its motion continued uni- i „ 
formly from the term when it comes to D, by ax. 1. And theſfe 
being chen Le 550 it appears, that the parallelogram et is 
not A oy B : it is not greater than EG; and N 
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ite baſe , or the agi eee — — Mer 
do. The laſt three cales might have been ; were from 
tts Fit, eee eee tien of this me- 
_ thod; weichole. to deduce them immediately from the arion 


0 30 — e When the motion of pm denen rg 


| 0 0B accelerated or retarded, t 1 
- be demonſtrated in the ſame manner. the other 
of this propoſition are briefly. deduced pop firſt, +] 

the eleventh; theorem, chus. In general, let the motion of P, 

WV While it deſeribes AO, be a celerated or retarded: at pleaſure; 

but ler. it come to D wich an motion, that, continued uniformly for 
any given time, would generate the line DG: and rhe right line 
pr ſhall come to de wich a motion which, if i it Was continued 

_ uniformly. for the. ſame time, would generate a parallelogram 

2 al to the parallelogram EG. For, ſuppoſe. QN. parallel to 

9 you the triangle AN; {nh partie of 28 u- 

„ * enen E comes; to D5 2 


6 — ; 
1 


4s gy > s dam: 1 ee fince dhe points 
Ef rode (eh to D with equal velocities; the 
s and 9 Hall come to d with equal velocities, by theor. : 
and the velocity of pm at that term is equal to the yelocity = 
7 4 5 Een ac wy it follows, that if Seeg _ 
1 from the term when comes to it w 
. #4 ſpace equal to the 5 EG, in che ſame 
| that the point P would deſcribe PG with its motion con- 
| 8 uniformly from the ſame term. Therefore, in general, 
the motion with which the baſe. AD flows would generate DG, 
5 ha * 9 with v Ss angle ADE flows, continued 


7 uniformly, 


hay 


[oven ADE by hs paral 
Wn CoxoLrary I. 
is the ſame, whether it it an or 
wit «variable motion, when the baſe is of the ſame magnitude, 
and flows with the fame motion. For, when AD and DG are 
my the parallelogram rr Tun 
2 Cor. II. The triangle ADE, ee ADER when Fre. 21. 
the line FE is given in poſition, and the Farallelogram'ADEL, | 
| — the fide AL. is invariable, flow with the ſame motion when | 
1 che motion with which their baſe AD flows is given. For all 
_ thoſemotions continued uniformly would „ e che n 8 17 
+. rallelogram EG iu the ſame tine 
1 „Con. HE While che bed? A V iereafi g uniformly 
; 44 the a 6, the triangle ADE acquires the aug- 
ment DGHE. But it wiouby: the part EG of this augment chat 
can be ſaid to be generated by the motion with which-the erf- | 
angle ADE flows at the term when P comes to D. The part 
EIH is generated in conſequence of the accelerations of this 
motion: for the ſpace EG is all that would be generated by 
the motion with which the triangle ADE flows; it that motion 
was continued uniformly, withour any further * —— for 
the time in which the baſe A acquires the augment DG. 
the motion of ↄm Was to be accelerated no more after it arrives 
at d chen we have fte wn that pm pro g wich an uniferm 
motion would deſcribe a ſpace equal to EG, and not to the tra- 
pezium DEHG; in the time P deſcribes BG; and, in meaſu- 
ring this motion of pm, or the fluxion of the triangle ADE, 
the part EIII of the incretnent which the triangle acquires in 
_* this time ought to be teſected. When the baſe decreaſes uni- 
formlyz the triangle decreaſes with: a retarded motion; che pa- 
rallelogram EB, or EG, is equal to the ſpate that would be 
generated by this motion, or the motion of m ar 4, if it was 
continued uniformly, While P deſcribes DB: but a leſs ſpace 


DECB is generated in this time by the retarded motion with 


Se P. be uniform. or e | whatever: is bee pen 
gram EG, (in the time P would deſcribe DG by i 
ariſes e een of this menen; end v — is ge- 

5 . nerated leſs thaw EG is owing to its retardation. Thoſe accele- 
moss or zetardations may obſerve various las. They depend 
pon the motion of the point P before or after it comes 7e the 

term D; and are different when the point E deſeribes different 
right lines. /. Bur the motion with which the triangle ADE flows 
When P comes to D, is not affected by them, and depends upon 
the motion of P at che term when it comes to D and the magui- 

ä tude of the right line DE only, che angle EDG being given. 

155 Fre. 18. 94. Con. IV. When the baſe increaſes, uniformly, che tri- 
. angle increaſes 'wirh a motion that is unifonnly accelerated. 
'by*P. with any uniform motion in a 
24-20 invariable- magnitude, and - 2 


and ie ——— uniſormly; - fo. that the yeloci- 
; 3 or of the point p, will be as the time from the be- 
4 5 of che motion; ſuppoſing the ge? * to begin its mo- 
tion at . When the decreaſes uniſormly, the motion 
with which the triangle flows is — retarded 2 for it de- 
d ee as DE or AD deereaſes; and the 
: velocity of pm, or of 9 decreaſes in the fame; propor- 
. yas tas hr te As The 
5 motion of pm, or of p; in the firſt caſe, is 3 — 
: 1 5765 deſoending by the action or influence of an u fon 
and the motion of un, if it was to. de accelerated n« 
m | art her it comes to d, would be ſimilar to: the moytor of « 
Ay body; if, after a like term, the action of gravity; up 
Was to ceaſe, or was deſtroyed by an equal oppofite ite acti 
are or refiſtance. And thus it appears, that we have 1 no- 
Auppoſirions, in demonſtrating this propofition,. but. ſuch as are 
not only eaſily ae ed (Which however is all that is requi- 
red in geometry): and generally admitted, but are alſo founded 
in nature and common 8 ard e are nnen b the 
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| fame Mili e n „ 
lar — art of a: mw body ing. in a line — 
lar to the horizon againſt the actien of an uniforni gravyit: ads: ON 
g. Cos. V. IE may. be worth while to obſerve, that do» | 
Arie af- moxions that ar accelerated or zerarded uniformly, is 
y demonſtrated from the two ſirſt caſes of this propoſition, 5 

: em ren quantities indiviſible or infinitely: dimi- 
niſhed. When = motion of F is uniform, AP repreſents the 

time; che eee by e always equal to the tri- 
angle APM,;1pereales; icate ratio of the time Ap, 
(Elem, 1946.) and the Hack deſcribed by the point p-increales RT. 
in the ſame proportion. The velocity of p increaſes uniformly, : 
in the lame proportion as AP) the time from the begianing-of the 
Pagen NR 177 laſt 3 From, Ahne it 5 


2 And . 

covered by AAk Rus. 1 the — = 18:20 ; 
the parall am AE as the baſe DG is to AD; it appears, that, | 
in the time P deſcribes AD, the right line pm would deſcribe, a 

ſpace equal to the parallelogram AE, if the motion. it, acquires 
at 4 was continued uniformly. 1 — the parallelogram AE is 
double of the triangle ADE, or of the parallelogram ae. There- 
75 the pon p would deſcribe a line double of ad, if the mo+ 
uires at 4 was continued uniformly, in the ſame. time 
5 it e's cribes ad with a motion that is accelerated uniforml 3 
which is another of his theorems. Becaule the tr > 
is double of the parallelogran EG, it follows, that, the. ſpace 
deſcribed by a motion that is uniformly accelerated, is equal to 
the ſpace that would be deſcribed in an equal time by che motion 

at the middle term of that time continued uniformly.; as Was 
thewn in a different manner in art. 72. When the baſe AP de- 


Rs eee the 2 prom 0 amen n 


pi that remains yore motion 
be at an end, — — — rt APN 
or in the duplicate ratio of Ar; chat is, in the du- 
ratio of the velocity of 5, or of che time that remains to 
Low all the end ef the-morion. - Therefore the ſpaces that may 
4 mars by bodies before their motions bedeftioyed; When 
9 ogg. retarded:by an uniform gravity," bw on 
E power or reſiſtande that diminiſnes their velocities e- 
4 in any equal times,) are in the duplicate ratio of th el 


, efie gone ob oic {0 wad is 
96. Con. VI. If the angle AM be a right one, and PMI be 
double: of AP, th. — ſhall de always equal to a 
ſquare deſcribed upon 3 and the motions with which this 
ſquare- and the . — APM flow ſhall be always equal, by 
theor.'5; » Therefore, when P comes to D, the inotion with 
Which a ſquare pen AD flows, „continued uniformly; would 
CY — — in the time P deſcribes DG. 
But the rectangle EG is equal, in this caſe, to a rectangle con- 
tained by 2A and DG; and this rectangle repreſents the flu- 
Lien of the ſhuare, when DG re pn the fluxion of AD the 
ſquare of AT; che-tight lines af/-AD - and ad be ued 
proportion 5-and; (the rectangles et and EG — ere DG 
(which repreſents the flaxion of AD) is to d 904 DE preſent 
the: union of 8d) 1 45 af is * or wh ri TL DG 3 is to otie 
iinvatiableyct ky e of the econdrerm- is to che — of 
the third, as the firſt term is to'ty 


3 | 


"Pg 


ice the ſecond term; and the 
fluxion of che ſecond term is to one half of the fluxion of the 
; ng 2 a ſubduplicate ratio of the firſt term to the third. 
N. Cn. VII. When the baſe flows uniformly, the velocity 

of the motion with which the triangle flows increaſes'in the 
Came proportion as PM or AP increaſes, and is equall augment- 
bows in ary equal times. Therefore the fluxion Tf: this velocity, 
ſeeond fluxion of the auge, is 1 7 a. 1 we 
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eſſect of ſome power, che exertion of this power muſt be ſu᷑- 
poſed uniform. When P comes to D, the motion with which | | 
the triangle flows, continued uniformly, would generate the 4 


| rallelogram. EG, in the. fame time P deſcribes DS. When x? 


* 


* 
« 


comes to G, the motion with which the triangle then flows, 
continued uniformly, would generate the parallelogram DH in 
the ſame time. The difference of theſe parallelograms, or the 
paoarallelogram IN, repreſents the ſecond fluxion of the triangle 
ADE; and IN is double of the triangle EIH, which is the part 
ol the incremenr of the triangle that 18 generated in conſequence 
of the uniform acceleration õf the motion with which it lows 
while P deſeribes DG. It is evident) that, if the motion of? 
be increaſed or diminiſhed, then the motion with which the tri- 
angle ADE flows, or its fluxion, is increaſed in the ſame pro- 
portion; becauſe the parallelogram EG inereaſes in the fame 
proportion as its baſe DG. But the triangle EIH, or the paral- 
lelogtam IN which meaſures the ſecond fluxion of the triangle 
inereaſes or decreaſes in the duplicate ratio of DG, or of the 
ſpace EG which meaſures its firſt fluxion. And, the velocity 
of P remaining, if the time in which DG is ſuppoſed to be de- 
ſeribed be continually diminiſhed, then EG which meaſures the 
firſt fluxion of the triangle decreaſes in the ſame proportion; but 
IN is diminiſhed in the duplicate ratio of this time, and its ratio 
to EG may become leſs than any aſſignable ratio. The pa- 
rallelogrami IN (which meaſures the ſecond fluxion of the tri- 
angle ADE) is equal to the difference of the increments DECB, es. 
DGHE Which are generated while P deſcribes BD and DOG. 1 
The increment DGHE is equal to the parallelogram EG (which g * 
meaſures the firſt fluxion of the triangle) added to one halt M. 
IN which meaſures its ſecond fluxion. 'Theſe things agree with _ 
the 74th, 75th, 76th and 77th articles, and illuſtrate them. 
When the baſe. flows uniformly, it is evident that the triangle 
has no third fluxion: and what we have ſaid of the triangle 
APM is eafily applied to the right line ap, which always flows | 
in the ſame manner, becauſe the rectangle contained by it and „ 
the invariable right line of is always equal to the triangle, 
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"AO, AV. given in poſition, 'with motions that are 

Ee ag either uniform, or. are always 70 'each other. in an 

& 23. * ' -zavariable ratio; and, the Parallelogra am APR 

bk being completed, the JA R / 5 Ne 11 MH jou 

8 a4 A 2 og F; and line. 333 l BA PSA; bY 

*_ Ka 1 £7 212mm lp; allot mrs ng i 57 FDI 

-, While the Þ deſcribes 1 D and D the line AO, 

let Q deferibe.; KI. and LM 5 the line AV; complete the 
elograms ABCK, ADEL and ACH M; let CN parallel 

| to A0 meer DE and GH in 8 and N; and let EI parallel to 

— 0 meet GH in I. Becauſe the velocities of P and Q are to 

: . each other in an invariable ratio, it follows from theor. 6. chat 

D is to DG as KL is to LM. Therefore BD is to BG as 

OI A Een 

Y, any £8 * * 

follows, tha er Er rg een 
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7 he —— of erbe, FOR AD and AL ale; 
8 Nigel by DG and LM, the flu ion of the ret?- 
3 22. e's; AE, contained by AD and AL, is meaſured ac- 
X 23. wt Ws: 0; by the ſum of the rettangles EG and EM 
1 theſe lines increaſe or decreaſe together, but 
by the difference of EG and EM when one Of te 

I: Hines eee wh ile the other increaſes. 3 


1. Let the fides Ap, AQ. of the reftangle AR. both in- 
crea wa both decreaſe, together, by the 8 motions of the 
* When P comes to D, let Q come to L, and 

to E; and, while P deſcribes DG, let Q eſeribe LM, and 


R deſeride EH : and the Point R ſhall be always found in wo 
right 
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we. tha =; by: the: laſt lemma. - Produce HE, and let it 
meet AD in F before it meets with AL: then, the rectangle 
AR being al ways equal to the ſum of the triangle FPR. and 
trapezium. NS, the increment ox decrement of the rectangle 
zs always the ſum of the increments os decrements of the tri- 
angle and trapezium that are generated in the ſame time; 3 and, by. | 
_ theor.'7.. the motion with which: the rectangle flows, is always 
equal to the ſum of the gn with which that triangle and 
trapezium flow. But, by prop. u, eee N 5 
Wjhich the triangle FDE 0 dad en AFEE flow were'conth 1 
nued uniformly, che paralle lograms EG and EM would be ge- „ 
nerated by them in the ſame time that the points P and Q de- 
ſcribe DG and LM with their uniform motions. Therefore, if 
the motion with which the rectangle AE flows was continued 
uniform iy, a ſpace equal to the ſum of the parallelograms EG 
and EM would; he generated by it in the ſame time; and, if 
the fluxions of the ſides AD and AL be repteſented by D and 
LM, the fluxion of the rectangle AE muſt be repreſented by the 
ſum 'of the rectangles EG and EM. The demonſtration is the 
e when HE produced meets AL before it meets wich AD.: 
only, in this caſe, EM repreſents the fluxion of the triangle, 
and. EG the 0 the of the trapezium; and, if HE produced 
paſs through A, the point F coincides wich A, and the rectangle 
AE is the ſam of two triangles the fluxions of which are * 
| Lau ein antes eee BE EIT LY 
„ £100" Caſe 2. Let the fide AQ decreaſe 1 white the ſide AP! in- . 
crealey; and, the motions of P and Q being ſtill uniform, the 
point R ſhall deſcribe a right 'line EH, b E Inſ lemma. Be- 
cauſe. the angle MHE is acute, and che angle HML right, HE 
produced ſhall meet with AL, produced beyond L in'ſome point 
JJ and it ſhall meet wich AD'produced beyond D in ſome 
F. The rectangle AE in this caſe! is al Ways the excels: of the | 
trapezium AEF above the triangle LE,, and the motion — + 
which it flows ts: aways equał te the difference of the motions 
with which that trapezium and triangle flow, by art. 471. The- * - 
fore, if the fluxion of the ſides AD and AL be repreſented by 
DG. and LM, the fluxion of the rectangle AE fhall be reprs- 
5 — * dif TECLTICE of the — EG and EM. FE SET | 2 5 
. LoL. C „ ö 
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bo 1 401 134 : points 1 Lare 
5 ones; IT cable con doen oihed, the. int 
1 line, b. dhe laſt lemma; and the mo- 
. I., are meaſured: DG and LM, prop. 2. In general, let 
Fre. 24 8 motions of bat RE TN and let them 
come to D and L with motions by which continue | uniformly 
right line AC — Sib AD at — half a right | 
EDGE ee eee, e K: and 
: 8 eo OD, and. BR. pu 
ual ro CE; and ER pa- 
— 42 
AIK. — 2 Thich 
- aſes, is equal to the exceſs of the motion 


| triang e AFR. increaſes above the ſum the 
| E Ttriangles ADC, ALK increaſe. When 

| — Mk increas rogeher, cake Fl equal toithe fam 
- of DO and LM, but equ 70 their difference when AL :de- 


„ Tn T i Of cad ahd K; ler Mr, parallel co AD, meet I 
I” WR in V; let CP IA Parallel to AD; meet & and & 

FRY «: and 2.5 iandlet K8S;-parallel to AL, ao: By - 

1 8 a. i ane motion With . R ADC 
_—_ A increaſe were continued uniformly, they would generate 
= 85 the ſpaces FZ, DP, LS in the ſame time that the motions with 
Which their baſes increaſe, continued uniformly, Would gene- 
date. the right lines FT, DG, LM. But, when the fides*AD 
ale together, FT is equal to the ſum of DG and LM; 

1 and ER is equal to KE, or EC: and therefore F is equal to 
. the ſum of the rectangles Es and EP. From ich Wie de 
duce DP and LS, which meaſure the motions With which the 
triangles ADC, ALK inereaſe, and the remainder is the ſum of 

EG and — 5 which therefore e the motion with which 
3 AE flows. But if AL deer „ 

2D - | ia. - * 
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| xence — EG and EM; 5 which there dre meaſures the moti- 
on with which the rectangle AE flows when DG and LM mea 

| ſure the motions with which its ſides AD and AL flow. I D 
a1 elogram EP is equal to E * 4 


be-equal re LA, che 6 


FT, and the 1 — which the triangle AFR WS, Va- 


niſh; the motion with which the rectang e AE increaſes is equal 
to the motion with which the ſum of the triangles ADC, AEK 


therefore is meaſured by 
18 and DP; which is equal to the di 


KEC (or AFR) decreaſes, and FT muſt be taken from F t- 


wards A: but the motion with which AE increaſes will _ be 


_ meaſured by the exceſs of EG above EM. When EG is cual 
to EM, then this motion vatiiſhes ; and, when EG is leſs chan 


EM, the rectangle AE decreaſes dy a motion that is fill 'mea- 
| ſured by their difference. Thus it appears, that, whether the 
ſides AD and AL flow with uniform or variable motions, and 


the point E deſeribe a right line or not, when the flunions of 

the fides AD and AL are meaſured by DG and LM the flu- 
xion of the rectangle AE is meaſured by the ſum or difference 
of the rectangles EG and EM, their ſum when the ſides in- 


ereaſe or decreaſe together, their difference when one tide de- | 


creaſes while the other increaſes. We ſhall deme n 
propoſit tion in a different manner afterwards. - 


GH} 


102. Cox. When the ſides of the rectangle KE incteaſs with Pieras. 


uniform motions, the rectangle flows with a motion that is u- 


niformly accelerated : For the rectangle is always equal to he 


ſum of the triangle FDE and trapezium AFEL; both of which 
increaſe with motions that are uniformly accelerated, by cot. 4. 


EM, becauſe ES the ſum of EM and IS'is<gual to EP the ſam 
of EG and DP. If LM be greater than DG, then the triangle 


2. V Hide: the ſides AD _ AL ** the 2 5 


ee ee ne reaſed hy the ſpace DEL. ME 
bs. en 6.90 more chan the pare EG. e EM. of an ine 
2 generated e e or tl Weh he 
ectangle N os at rhe zerm or moment Ven P comes to 


4 Hh om 1577 and LM.. "This. part is I 
the motion. med. which — 2 AE Howe 


8 aniform 
n roduced, 
. . 


cond Auxion of the retangle AE may bemeaſured by ch 
35.328 demonitrated in the ificenth theorem 2k 

_ — 7 calf, the ay of the, - Range gie I * 

5 * of FD and AD, ou AF — 2AD; DT that rect- 

to che difference of the rectangles EG and EM. 


, the fluxion:of the rectangle AE continually de- 


dee . raniſhe Ithen AD-i9: equal co 
PD or te ode half of AF; and the rectangle AE is greateſt at 


dee When AD becomes gr. Ee 
of the rectangle AE becomes negative z thax is, the reavgle 
"decreales continually ti all it vanith when AD becomes equal to 
AF. The ſecond fluxien of the'reftangle is invariable, and is 
red by 214, as in che firſt caſe : but ic is-confidered as ne- 
_ gative, becauſe it. continually diminiſhes the firſt fluxion, or re- 
tards the motion with which" the rectangle increaſes till AD be- 
eome equal to one half of AF, and accelerates the motion with 
| ck the rectangle decreaſes after that term. If we ſuppoſe, 
Eis · 22. in the firſt caſe, the points P and Q to move from. O and V to- 
wards A, and their motions to be continued after P comes to F 
_ Wes A, wWe ſhalt haye 155 x i Saad es compre- 
5 1 — — the 2 1 ve 140 5 be * 
104. We have o much on the two prect 1 77 — 
i for the reaſons mentioned in the, 6gth and Sg 


bee advanced Latel 5 againſt this 
hore not rakeh 3 nodes t u 
that the motion with 
while the 


dodrine) ee 
pry ih thr wg fon dilly 
which ian Ws 18 

nikon 22 ny pray er 
mnot be to be either uniform or 
retarded for any: of thetime how ſmall ſoever: Some Philo- 
ſophers may be of opinion, that a line or velocity cannot be cod 
| coed to increaſe or decreaſe continually, but by certain ſmall 
indiviſible increments or deerements only. How repugnant ſo- 
ever this principle may be to what-is demonſtrated by Geome- 
tricians, the preceeding propoſitions and a great part of this do- 
ctrine may be eaſil ad to it nnn in the c ar- 
ticle. It was in 
firſt appeared in the method of indivifibles: ar we proceed 
eſtabliſh it on che more accurace principles of the ancients.” of 
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. baſe of any "Faure being 
I creaſe uniformly, the area. 
 arcelerated or retarded motion, accordin 


gtr  ordinates increaſe or decreaſe Wins, ebe g 
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© While the peine P deſcribes e baſe moving 
wards 6 or from 4 towards A; oy t line PM, by mo- 

viek Pera 46 K Gott AF towards 4 or from af towards: - 
. . Let h and * 


2 


diſpured, 


"crea T are SO Tg Rs SO Es, 
* , : ; ; © B 


from A to- Fre. 26. 


deſeri A [Theres when Aer acdc 
generates the area Es before. it generates 


— | 


2 let ben ee ee — eter Dank 


—— —— ane dag pe 
And the motiòn with wWhieh — ar, 
_ $106 leis evident, in the ſame Manner; t 

nates debreaſe while the baſe AP decre: 
crenſes -withia' retarded motion: b . — in- 
e 5 with 


n an 
| 2 bu a the ar aÞ increaſes wean accelera- 
I ted mono e e e a — It is Tn to 


ren, as in thi — EE 


miu che following propoli 
the acki he pleaſes. the? 
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: TE 107. The nos. od of. the baſe 'AD "beang meh by 
* 8. the flu xion of the area n 2s 8 

Inn red bythe puratialogrom EG. e 

N : EH 1 ey n 15 . . 0 

Fro. 2663 Fin, let the baſe AP increaſe unifc 2IMLy;. | 
increaſes. The t this 


* while the baſe i 


ale, 
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Ace ende which e e 


ing © 


und iO e Let u 


wild jo TY to — — 


223 r than” DGHE, (b 
4 e Len 


than . If 2 be ee 0 be leſs than Gy C Ne. 
PE in the ſame proportion; complete: 


ng parallel to DE meet the bale 
== 8 is 3 as e dee 


A deldre it 


Sa + 
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Fre. 27. 


e | eee eee — 
_— 5 0 ) 
DRLG greater than-EG; let. RI. meet the curve EH in N, and 
NO Parallel to ED meet the baſe in O. Then, beeuul the pa- 
logs ECT raed Pow BR, it follows, 


ide area by 1 
IOW! * 8 dhe parallelo» - 
fram., B 
| the ſame uniform motion, while the area by flowing uniform- 


ty acquires the :qugmenc; DENQ. ;;But, heedbſe the motion.of 
Lim naar ie che nel wil, — ; 
5 0 e, — err delene x grower live 
WT | SULUNTCAIL DEN. theſe | con 
I Iona adgmate: not greater: than £G;: In like 
TT 
Fa hr DESK —— FE. Was 
| ates decrue wile he bus ker were x dere 
| 25 and the ares is ſuppoletl to n | 
2 with an * ate e e . LON! ti 


he aſe 1 ine o n T w of 1 
"i Cox. I, When che flacior of che Baſg N D Wivea the 
Tr ee pat whatever line Ve-deftri= = 

i © Mi it paſs through E. Tf the baſe Bow un 
vet is more or lefs chan the: ae 52 7 
un EG be motion with which the area flows; inthe 
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deſeribes DG, proceeds from the acceteration' or ret Y 5 
ofthe motion with | which the area flows at che term'whan ß 
cones Do VVV ͤ ( 5 . 
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111. Cen. I IL, When the duxicus vE df Vibe als 
that ate generated in the fame time are equal, un fins | 
the areas ate as their ordinates 3 and When che orgioated area 
mays in a given rario, ( he: the the: caſe deſenbed in the inp 


the fame given ratio, by: 
When the fluxions of the baſes are reciprocally% 


che orflinates,. 
the fluxions ef the areas are equal; and, REIN the fAluxions: of ak 
the bales are rain ee eng in 1 the arods that 5 
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EB bt 1 eee ee 
= 7 ie reftangles EG and, EM, when the * 
= third caſe bf the chird prop in thicHyidetnoaſtiined. 

, 113. Con. IV. If the area © ha alway ee 

ar e e eee and the right line De that 
dn rhe fluxion of the baſe AD, chen ſhall the parallelo- 
diese the fluxioniof the area ADef, or of the iparal- 

nor che ſecond fluxion of the ares EF. And, 
3 l ef de dene equal the par lelogram eG, the 
TDZ - = - :In the ſame. * . of this area 
may tepreſented; ſome c proceeding thus, 
1 eat even to free Hex axion that is conſtant, which-canno . 
ie or vanable quantity 
e een Ve From this nay nur ſome general theor 

5 _-- itn the doctrine of motion be eaſily demonſtrated. If the 
TE Fre. a6 hate AP repteſene fs, of any motion, PM the velocity at 
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ther reel be deduced for dererminin the third fluxions 
of quantities. If fu, as and Sm be dpſeribed by the point pi 
| a times that ſucceed after each other, then it is eafy to fee 
that Tris equal tothe exceſs of the difference herween Simi and = 
48 above the difference between dS and fa. In Scher caſes; fs 
ratio of Tr to that exceſs, or of one third of Ti to the R 
rece between fS and C, may not be a ratio of equality 3 but 
3 Flory to that ratio, when thoſe i increments urns: 
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Te appears, from What I dr d 5 the int on, 
a the third fluxſon of any ſolid that can be generated by a 
conic ſection revolving on its axis is invartable; when the axis 


flows uniformly; the parabolic conoid excepted, which has its 


ſecond fluxion conftany,) atid has no third fluxion. This accoung: 
of third fluxions is fimilar to thar we gave of ſecqnd flax ions iu 
art. 97. We have deduced thoſe illuſtraxions of them from the 
common geometry, becauſe what: relates g ſecond and third 
fluxions has been repreſented, as very abſtruſe, and becauſe it js 
the application of this part of the n e toun& 
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the motion of L being accelerated, while the motion o 


5 niform, it follows from the firſt axiom, that LJ is greater than | 


the ſpace which would be deſeribecdd by L if its motion was 
continued uniformly while P deſcribes Pp. Therefore the, ve- 


Pp. And theſe being grin it follows, that the velo- 


if city of L is not to the velocity of P in a ratio greater than that 
of:2AP ro SA. Let the ratio of thoſe velocities be leſs than 
chat of -2AP to SA, and be the ſame as that of 2Apito SA, or 


of apl to Sp; which being leſs than that of al to 8p; (becauſe 
41 is greater than apl,) the velocity of L ſhall be to the velo= 


city ol P in a leſs ratio than that of Ll to Pp. But it follows 


| from the ſecond axiom, that LI is to Pp in a leſs ratio than the 
velocity of L is to the velocity of P. And theſe being contra=+ 


dictory, it appears, that the velocity of L is to the velocity of 


P, or the fluxion of AL to the fluxion of AP, as 2KP is to 
143. Let the angles SPL, PLM, LMN, MNR, Sc. be al-Fre. 3 
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ways right, and the angular points P, L, M, N, R, Sc. deſcribe 
always the right lines AE, Af, Ae, AF, AE, Sc. Then ſhall SA; 


AP, AL, AM, AN, AR; Sc. be always a ſeries of quantities in 


a continued geometrical progreſſion, che firſt term of which SA is 
invariable. While the point P deſeribes au y equal lines pP, Pp 
on the line AE, let the points L, M, N, R, Sc. deſcribe the 


ſpaces IL. and L, md and Mm; nt and Na, R and Re, S. 


on the lines Af, Ae, AF, AE, the angles Spl and Spi, plm and 
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it is manifeſt, that the triangles PSp, Lal, Mm, Nn, Sc. and 
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_ the triangles: PSp, LD MGm, NH, RKr, Ge. are each a 
ſeries of ſimilar triangles. It is alſo evident, that the angles 
58A, PSD, LDG, MGH, NHR, Se. and the angles pSA, PS, 
Lg, Mb, NHk, Sc. are each a ſeries of equal angles; and 
that any angle of the former ſeries exceeds always the corre- 


ſponding angle of the latter ſeries by the difference pp. 
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4 reſſion, the firſt nyt of: whach is Lee 11 % 
the fluxion. of the ſecond term AP in a ratio com. 
2 of the ratio of thoſe terms and the ratio f 
- the. number of terms Wy rio AN 70 unit. 


| The fluxion of "any term AN i is to the fluxion of he ſecond 
term AP, in a ratio com of che ratio of AN to AP, and 
of the ratio of the number of terms that preceed AN to unit; 
that is, in this example, the fluxion of MN is to the fluxion of 
RP as AAN is to AP. Firſt, let the motion of P be uniform, 
and the motion of N ſhall be accelerated, by lemma 6. Then, 
it the ratio of the velocity of N to the velocity of P be not 
that of 4AN to AP, or of 4AM to SA, let it firſt be the ſame 
SA, Am being any "line greater than AM. 


as that of to 
The 5 4 Amy being ſimilar, 4Am is to SA as 4mm is 
to 8p; but is greater than Ha, . e and un is 
to Sp in a greater ratio than Hs is to Sp, or Na to Pp. There- 
fore the ratio © of of the veloci co by of N tothe velocity of P is preat- 
er than the ratio of Nn to But the motion of N being ac- 
celerated while the motion * P is uniform, it follows from the 
_ fiſt axiom, that a leſs ſpace than N would be deſcribed by the 
motion of N continued uniformly in the time Pp is deſcribed by 
P. Therefore the velocity of N is to the velocity of P in a 
leſs ratio than Na is to Pp. But theſe are cõntradictory, and 
therefore the ratio of the velocity of N to the velocity of P is 
not greater than that of 4AM to SA, or of 4AN to AP. Let 
the ratio of thoſe velocities be that of 4Am to SA, Am being 
N 19 0 og leſs than AM.” yy 4Am __ to SA as 4mn wb 
| P/ 


15 f the Flurious of "Ouantities Book l. 


r . P in a leſs ratio than bn 
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zs to Sp, or Nn is to Pp. But, by the ſecond: axiom, a greater 


; ſpace than Nn would be deſcribed by the motion of N conti- 
_ nued uniformly, in the time pf is deſcribed by P; and there- 

fore the velocity of N is to the velocity of P in a greater ratio 
than Nn is to Pp. But theſe being allo: contradictory, the ve- 
 Jocity of N is to the velocity of P neither in a greater nor in a 

leſs ratio than that of 4AM to SA, or of 4AN to AP; and there- 
fore the flux ion of AN is to the fluxion of AP preciſely in the 
fame ratio as FAN is to AP. All the” oe caſes of this pro- 
_ poſition, when the motion of P is variable, are eaſily deduced 

_ from this caſe, by the eleventh general theorem. And it is ob- 
vious, that this demonſtration is applicable in the ſame manner 
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147. The flaxions of any two terms in a geometrical” 
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Progreſſion. the firſt term of which is invariable. 
27e ina rat io compounded of the ratio of thoſe terms 
© Fo each other, and f the t atio of the numbers. that 


_ ſhew bow many terms proceed them inthe progreſſion. 


This follows from the laſt propoſition. The fluxion of AN; 
for example, is to the fluxion of AM as 4AN is to 3AM. For 
the fluxion of AN is to the fluxion of AP as AAN is to AP, 
by the laſt propoſition; and the fluxion of AM is to the fluxion 

_ of AP as 3AM is to AP, by the ſame. Therefore the fluxion 
of AN is to the fluxion of AM as 4AN is to 3AM; and it is 
manifeſt, that the ſame demonſtration may. be applied when the 
fluxions of any other terms of the progreſſion are compared to- 


148. It follows from what has been demonſtrated; chat, if 
the motions of the points P, L, M, N, R, Sc. were continued 
uniformly, lines reſpectively equal to SA, 2AP, 3AL, AAM, 
„ e 149, The 


— 


The | Pp 1 \ cb, and ig f 
he-progreffion may-be repreſents 
xceeding 1 65 the fitft fluxion -of the ſecond bat 


£ = x ; | ; 
5 4, ef - ; £7 - pn * 

3 RF ns * 2 98 7 
42 n - * 2 

- E * +539 2 . 4 - 
* a AER 1 
certaid multiples ,, Bed, 

Ez: VE , T - 


4 is-conſtane (or the motion. of P is uniform). and is repreſented Is | 


„or the firſt 3 5 of AN, being repreſented by: 4AM. che 


y the:invariable rig ht line 8. For; the velocity of che pr 


flaxion of this velocity, or che ſecond flux ion of XN, may be re i 
repreſented i four times the fluxion of AM, (which is * . 5 


meaſured 1 XL,) or by rzAE; thethird fluxion of AN 
RE repreſented b own (becauſe this fluxion of Lis rep reſented _ 
: by 2AP,) its fourth 1 5 by 248A, and it has no ach fluxion. 


1.50. If Au be a mean proportional between and Al. — 2 4. 


AP. flow: uniformly, then is 2Ls. qual. to the line that would 


be generated by the motion with which. AL flows 22 1 


niformly for the time in which P deſcribes Fp; and. the diffe 


| 1 betwixt u and Ly is What is generated in conſequence o — 


acceleration of Fo 
in the ſubduplicate ratio of A to AL, ot in che ratio o Ap-r0 


orion dunng that time. For As inte AL 


AP; 5 as AL. is to AP, or as AP is to SA. There. 

fore 2Lu is to Pp as 2AP is to SA, or as the ee . 

point L. is to the velocity of P. Let Ab and, A be two mean 
| proportionals between In and Am ml and, if che motion t MM & 


Was continued uniformly while P de 5 
deſcribed by ĩt equal to 3Mb; if the — — of that mo- 


tion was continued uni ormly from the ſame term and for the 

_ fame time, a line would be Kees by ir equal to 3hk;; and 

what would be generated in conſequence of this m acce- 
leration is equal to thrice the difference betwint bk and. 

The difference betwixt Mm and 3 ht, or- the enceſs of the dit- 

ference beewixt:km and h above the difference betwixt h and 
Mb, is what is generated in conſequence of therincrealſe of that 

Acceleration during the ſame. time. The proportions betwixt 
thoſe differences on 


Pp; a line would be : 


Mk. Fe 


the lines that meaſure the firſt, ſecond and 


third fluxions of AM, eaſily appear, and have been already ſhewn IN 


in the laſt chapter: Any term has fluxions of as many degrees 
as there are terms that preceed it in the progrefſion, when the 
ö fluxion of AP'is invariable; and rhe increment of any term that 5 
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9 . e hn But E 
Ereate Ex, and therefore''s 
Ts WH ILL 
ws, tha ebe exon! of 
54 | pie Is 'SD. From th | 
E be WE us, the yel WT 


it 1 


1 in! circle E, 
8 . 'ray_ SN when P_ 
ie ray SE is to 


ce the t ral at E; 
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ae "Cava to EN; and, 
ea dg e e e of deen ee : 
11 it follows, th hat EM is to EN in 2 . 


06 wth "DORM 1 "SE to che Auxion'oL | 


£ 


23 in the laſt article) that of E/ to lu. It follows from 


Pre. 38. a C 3- Let dhe motion of Ae ray 8E 8 


a. Tm Aae e e Liar. Book I. 
FE lf che ratio” of thoſe fluxions be great wan that of SE Y 
to SD, let it he che ſame a8 ther of SE 80 8 or that of . o 
EV z and, P being:a point of t ve within che angle AED, | 
as in the laſt article, EM ſhall de to EN in 4 greater ratio than 
Beis ro: LV-5-which.is-impoliible, becauſe EM. is leſa chan EL, 
und EN 1 than LV. :H-che fluxion of BE be to the 
fluxion of FE in leſs ratio chan that of SE to SD, let their 
ratio be that of SE to SK, or (the conſtruction being the ſame 


third an iom, that Em is to En in this caſe in a leſs ratio than 
that of the — M to the velocity of N at the term when 
theſe points ome to/E,. or the ratio of che fluxion f SE to the 
luxion f Therefore Em is to Es in a leſs ratio than E, 
is to I. But this is.impoſſible, becauſe Em is greater than E/ 
and Ea is tcl than u. Therefore che eee SE i is to the 
fluxion of E as SE is to SD. & 1 


we 11 * ct 


rated continually while the motion of N in 974 arch. NE is u- 
: but ſo that the arch PEp may be ſtill on the ſame. 
of che tangem ED wich S; and the fluxion of SE ſhall be 1 | 
the fluxion of E. in a, greater ratio than chat of EM to the arch 
1 axiom, but in a leſs ratio than chat of En 
to Ea, by the firſt axiom. Let Sa be perpendicular on the tan- 
gent in 4; and, if the ratio of thoſe-flaxions: be that of SE to 
SK, which i is leſs than the ratio of Ea to Sa, it follows from 
the 20 200dth, article, that a right, line ST may be drawn from $ 
meeting, the tangent. ED. in I, the citele E in N, and the 
tangent of the arch EN in Z, 10 chat IN 4 065 to EZ asSE 
1810 SK. Let this right line $'T meet the curve FE in P; and, 
ſince IN is to the arch, EN (which, is leſs than the tangent. EZ) 
in a greater ratio than SE is to SK, and æherefore in a greater 
ratio than EM is to EN, it follows, that TN is * than 
EM or PN, and that the point T. is between P 8, againſt 
the ſuppoſition. If the fluxion of SE Detour exon of fE 
- as, SE is to S, then, by the 199th article, a line St may be 
_ drawn from 8 meeting the tangent DE produced: beyond E in t, 
and the circke Eb in », ſo that the ratio of in to the chord Ez 
n x chat of SE to Sk, or of the Auxion of * 


f 


; 5 * * 


dall fall bety 


ther greater nor leſs than that of SE to Sd. 


rent ſides of the tangent ED; and, the motion of N being u- 
niform, the motion of M muſt be perpetually accelerated, by 
Lion of / E in a greater ratio than that of EM to the arch EN, 
by the ſecond axiom; but in a leſs ratio than that of Em to the 
ach Ex, by the firſt axiom. If the ratio of theſe fluxions be 
that of SE to any line SK greater than SD; let Q be any point 


 berwixt D and K; join E | 
| right line SR may be drawn from 8 to the right line-EQ meet- 
ing it in R, the circle F Ez in N, and its tangent in Z, ſo that 
RN ſhall be to EZ as SE is to SK, and, conſequently, in a 
greater ratio than that: of EM to the arch EN. Suppoſe there- 
increaſes while N moves towards E, it follows, that while 
deſeribes the arch NE, the ratio of RN to the arch EN is 


; 1 the angle of contact PET formed by the curve 
PE and its tangent ET; which is abſurd, by art. 181. If the 
Auxton of SE Was to the fluxion of FE as SE is to any line 
Sk leſs chan 8D; then, taking any point 4 betwixt-D and , 


joining 7E, and producing it beyond E, a right line 87 might 
| e n to it (by. art. 199.) meeting it in 7, and the cirele EU 


in u, ſo that r# might be to the chord E as SE is to St, or 
as the flukion of SE is to the fluxion of FE, and; conſequently, 
in a leſs ratio than that of Em, or pn, to the arch En. Let Sr be 
ſuch a line, and rn ſhall be leſs than pn. Suppoſe the point # 
to move from # towards E, and the ratio of n to Ex ſhall de- 


3 by the 200dth articl „4 


greater than thar of SE 40 SK, and that RN is greater hben 
PN. But RN is Ieſs than TN; therefore 2 tae RE 


3 * 6 
* ke 5 i 4 Las " Pg 
Line,. 193 


20. Cee 4. Let the point S and che curve Fpy be vn dif- F 


EM or PN; and, becauſe the ratio of RN to EZ * 1 are Oo 


16. 56. 


0 creaſe continually by art. 199. * ſhall be leſs than that of 8 Ero 


8E; 


2 ; 
N ol 4 Pie 1 4 7 2 % 5 # 4 g 7 > * 
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F a 2 F< 8 4 8 
S 1 2 p 5 * 4 . 4 ' . 3 
Y =; PC 4 3 2 S 8 
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gf e g that time, rn bh ln pn "I it is 
929 ͤĩ ³¹ for tiew Rr through the 
angle of contact = formed by the curveEp-and its tangent Er; 
which is abſurd, by art. 181. Therefore the-fluxion of SE is. 
to che fluxion of FE preciſely as SE is to SD. By;joiting theſe 
euſes together, the demonſtration is applicable when tha motion 
of M 1s accelerated on one fide of E and retarded" on the o- 


ther; and by the ninth and eleventh theorems, and the Goth 


5 Fu 9. 596, ' poſition, the flux ion of the curve. 


article, it is rendred general. When the tangent ET is per- 
pendicular to SE, and the of N is given, the velocity 
of M at E and the fluxion of SE vaniſhes... When the ray SE. 
| wuches the curve in E, and the velocity of Min. the ray SE is 
yen, the ret of N at E and the fluxion of FE vaniſhes. 
his p ppoſition may be demonſtrated in another manner; but: 
| this ſeems to have e 
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yy eee 20. [The motion of bs r 
1 and its velocity at the term when it cores 

ro Eis less chan the velocity of P. at any term after P paſſes E, 
as hen it comes to pʒ becauſe a leſs line than Et Would be de- 
ſeribed by the motion of. T continued uniformly from E, in 
the ſame time that P would deſcribe. a greater line than the arch. 
Ep by ch. exceeds Er). ieee Boa. 


1 * 7 p Ju 2 ; 
bad WIL: Orbe Tangente of 
. 132 VII 2 * ; "AY * 2 

0 : : ' 


4; bye the firſt and-fecond axioms. Therefore, if the velocity” | 
"of F at the term when it comes to E was greater than the ve- . 1 
locity of P A that term, it might be equal to the velocity-of / | | 
P at the term hen it comes to ſome point h berwine E and pr —© | 
Let Sh meet Et in g; and it follows from the ſecond axiom; 1 | 
by its motion continued uniſotmly from b, in the time it de- 
ſoribes Eh with its accelerated motion; ſo that the point - 
would deſcribe a greater line than Eg by its motion continued” 
uniformly from E in the ſame time that it deſcribes Eg with its 
accelerated motion, againſt the fuſt axiom. In like manner it 
E cannot be leſs than the velociry of P at the ſame term.” There 
fore theſe velocities are equal, and, by prop. 15. the fluxion'of* 
the curve FP is to the fluxion of the ray SE as ED is to SE. 
207. When the point P deſcribes a circle that through 
the point 8, the motion of N being ſuppoſed uniform, the mo- 
tion 5 of P is alſo uniform. In this caſe, PE is always greater | 
than TE, and pE leſs than 2E. Therefore the velocities of P 
and. T are equal at the term when they come to E, bythe 53d - 
anicle. When the point E deſcribes any other curve that ie 
concave towards S, its motion is in ſome caſes accelerated ane 
in others retarded. But it follows from what was ſhewn in tbbe 
54th, 55th and 56th articles, that the velocities of P and T 
are equal at the term when they come to E in thoſe caſes alſo. 
Therefore, in general, the fluxion of the curve FP is to the flu- 
xion-of che ray SE as EU) Is & SE. 
208. Angles are meaſured by the arches which fubtend them 
in equal circles; and in general they are to each other in the 
ratio compounded of the direct ratio of the arches which ſub- 
tend them in any circles, and the inverſe ratio of the 'rays o | 
theſe circles, Fhe angular motion of the ray SN that gene- Fre. 60. 
rates any angle ASN is as the velocity of N in the eirele EN 
when the ray SN is given, and is always as the velocity of N 
directly and the ray SN inverſely. The fluxion of the angle 
AS MNzistim be fande icin oe 3 CO OR 
209. Let the right lines CP, S revolve about the given points 
C and 8; and i "FHPY P:deſcribe-any-curve FEH* 


. nee points; it meet 
the curve in E, n r motion of 
C ſhall be to the motion of SP as SE is to CE.. For: 
88 re EN deſcribed from the center 8 through E meet 
and let the circle ER deſcribed from the center C 
—— CP in R. ; andlet;SD, CB be pe lar on 
_—_ tangent of the curve at E in Dand B. Then the ve- 
locity of N N ſhall be to the velocity of P at the term when 
they come together to E, 48:SD is to 8E. The velocity of 
R. 1 the velocity of F at the ſame term, as CB is to- 
Ez and SD is to SE as Cg is to CE. Therefore the velocity 
of N is equal to the velocity of R at that term; and the an- 
gular motion of 8 — notion. — _ 1 i 
ee ee e eee e 


AS. T7 RE £6: Ef [SSP 31 4 Ag 43 
— * * * x F 

i, : : 4 "=" : 105 r * 2 1 
= JJ ͤ d ²ͤ .w ] ot; M repre? 44754 3-408 * 

9 260 22 ; $ 2 _ 46 * 8 3 r . 2 8 1 2 — 4 3 | 2 - By. 4 * 1 * z 1 

— * Z — s 

- - y 5 44 z L : 2 1 L by 
2 5 P 8 £ 8 7 7 
— + * V4 5 . 7 & oF . 1 - PR yy — 0 : 8 # * l . 7 1 7 
. is X54 7 ay U. K . S wh ts mw 1 2 2 ; 4 ; F 


210. rg p, the e oth the ri ibs lines cp end 

8 revobuing about: the given — and 8, de- 

+iſerthe the curve FEEH; ler AO tourh this curve in 

Pte Gr. E; conſtitute the angle SET equal ro CE A ſe that 
& 62. ET and EA may ly different ways from SE and 
CE; and let ET meet” S in T. . if CA, Sa 

1 Tight lines given in fa, Lion, t. e union of the 

2 7 — c 
WED ACP he al * zo. {x08 HSP, W n. * | 


— — . Cand S deferibe. through the point E the: 
en ER and EN, meeting Gad 8 in R and N reſpe- 
Sively; and let CB and S be p ron the tangent 

AO in B and D. Let CK paraller + ET meet SE; produced 
it neceſſary, in K; and let EQ be perpendicular on (K in . 
The angle QKE i is. equal to SET or-CEB by the conſtruction; 
and therefore the triangle QE is ſimilar to CEB, ſo that CE 
is to CB as EK is to wor The triangles SED, CEQ + are alſo 
amilar,.and SE is to SD as CEi is to * But wWhen P and R 


5 come 


Ar velocir e ray CE being, given, that of the ray SE va- 


e e The . 
of Þ is he velocity of N at the ſame term as SE is to SD; 

or as CE is to E. fot Xn th Ge emo lo f 
locity of N, Lare d together to E, as CE is to EN. 

This ratio compounded with the inverſe: 8 of che xa CR 4 
to the ray SN, or wich the ratio of SE to W — ' - 
of SE to EK. or (becauſe ET is parallel 05 of 87 70 o 

; Which therefore (by art. 2080 is the ratio of kde angular 
elocity of CP about C to the angular velocity of Sf about 
when P comes to E, or the ratio-of the fluxion of the anf ls 
ASE to the fluxion of the e SE. When the angle CEA 
is equał to CSE, the point K falls on 8, the anigularmorions of 
CE and SE are equal, and the fluxion of the angle ACE is e- 
qual to a union of 8E. When the tangent AE paſſes 
through 8 int T falls on C; and in this caſe, the angu- 


4 s 
Py 


niſhes.' bs 555 may coincide with 8, but we Telerve this 
caſe till we.come to treat of the curvature of lines. © The flu- 
xion of the angle CPS is equal ro the ſum or difference of the 
fluxions of the angles ACP, aSP, and is tothe flux ion of the- 

angle ACP'or the fluxion ef ASP; when: F comes to E, as CS. 
is to $T or to CT.. When the points C and 8 are not in the Fre. 63. 
plane of the curve EE H, the ratio of the angular velocities of 
the rays CE and SE may be deduced from this propoſition... For 
if V be any point in the tangent AE, and the right line Ve 

— to VS be drawn in the plane EV E conftitaring.the' angle 

pg ual to SVE, the angular velocity of (E about 97 kalk 

be equ: to the angular velocity of SE about E. 1 
211. The preceeding propoſitiens ſhew the anal Lone 1 
betwixt the method of Fluxions and the method o Ns, - 
and ſerve for determining the tangents from the Nasen lines 
and angles, as welk as fr finding theſe fluxions front the tan- 
gents. Beſides theſe general theorems,” there are many parti- 
cular propoſitions that are often of uſe in determining the tan- 
gents of curve lines; ſome of which We ſnall briefly deſcribe- 
Let 8 be a given point in the plane of the curve ALB, LF 2Fie. 64. 
e at L any Point of the 2 SP 9 on che 
tan 


8, ok are right, 
THe 15;8qual 980 


77 We 4 ry 
than any gen angle refore while » 
Pen econ leſo then any 


one Fro Im W ich it follows, >, that no right. line can be. 
| a gh red | ob io A N 


W xx! 
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rie. Gg, 212. When the arch LJ is: convex os. S, — 

Aion in other reſp being the ſame, produce pP to p; and 
che angle SPp ſhall be equal to 2 Therefore the angle 'TPp 
ZE s SRp and SL, which in 
this caſe is equal ro the ſum Ces or PSY and RSL; and, 
ſince his ſum may become leſs. than any given angle When! 
moves towards 6 it follows, that PD io is che tangent of the 
Curve DFE at P. In this vale the arch Pp is concave towards S. 
Le S be perpendicular on PT in 'T, ag. ler the point T' be 


always 


er in this magnet; 


1 
ä che Hixidns ber 
Je B 
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213; Let — 2 555 
deal frface/that hs ith verter i and ET. be the tangent A 
1 EH in K. Let cb be 1 fe ien 6f this conical: Dgure 
— — A. N common ſection of chat 
the plane V then all er e . 
E Por, Eee ths wok e ET 
inal har EV nal t the arch EH in ic & po 


beſices E; an Ihr line e ths WO Bs UFO 
die ag de Ab, ed by Fart and 8 5 


3 Ader pri: ene e m— 
EK fall paſs "through the e er dee Yun mr int o 


Sadr gap It is obvious, that the arch b and 76 tan rangent @ — 


are the ſhadows of the arch EH and tangent: ET. formed by 
| 9 iſſuing from V upon the plane ,t 


214. Let the right lines CH, SK revolving about 2 <a 


| Card 8-byttheirinrerſeQion P deſeribe wege APS 
ſes through 8; and let SE be the firyarion Seche nen Has BK. 
2 "0 EH paſſes through $z.then ſhall S be che cangent.ar-S.. 
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Key AH, as the tence of this 2 o* AH a AG is 
7 tothe Giuars of: AH, that is, (Elem. 8. 2.) as rhe rectangle con- 
ed by AAB and EH is to the nare of AH, or as the rect- _ 
angle contained by -2CH and DE is to the rectangle _ 
But the area of a circle whole radius is a mean xr OREN: 
betwint 20H and DE is to the ſurface deſeribed by AH in 
the ſame ratio. Therefore the ſurface” deſeribed by CH is e- 
qual to the area of a circle whoſe radius is a mean . 
berwizr 20H and DE. This coincides with the 16th propaſi- — 
tion of AuCEmEDEs's treatiſe Concert ing rhe phere and cy= 
| linder. 8 1 L 7 Mint Ft: 98 755 B ty # 
217. Con. I. Vhi ce de of he ende l us uni 
5 the convex ſurface of the cone deſcribed” by the right 
line 2 increaſes with a motion that is continually accelerated; 
for when BG the inerement of the axis is given, k le ſurface de- 
hg Bp CH (which is the fimulranegus incremene of rhe c 
nical ſurface) 105 DE, Which increaſes in the Tame Fee 
10 AD increaſes. © —- 

218. Con. II. Let the right: lines HC, Hk meet BC that is 
perpendicular to the axis BG, in C and K, and let them meet 
5 in E and L. Let HN biſect the angle CHK, and HI per- 
pendicular to HN ſhall meet DE produced beyond E when the 
rey art . right one; let them meet in I. : 

oe ENG ppoſed to revolve about the axis BG; the ſur⸗ 
| ribed 55 0 Ne hall be to the ſurface deſeribed HE 
as ne: rectangle DEI is to the rectangle DLL For let LR 
pendicular to HN meet HE in R; and, the angle RLH being 
equal to LRH, HL ſhall be equal to HR; and EH*thall de 
to LH (or RH) as EI is to LI; ſo that the rectangle DEK 
hall be to the rectangle DLH as DET is to DLL. Bur, by this 
lemma, the ſurface deſcribed by HC is to the ſurface deſcribed 
by HK HK as the rectangle DEH is to the rectangle DI H, and, 
conſequently, as the rectangle DET is ro DEI.” 5 
219. Cox. III. It follows from che laſt corollary; thar, whe Fro, 70. 
DE i is equal to LI, the ſurfaces deſcribed” by HC and HK are +; 
equal. Therefore, if GH be produced beyond H till HM be | 
r to AF, 8 N meet HK in F, "EM 0 
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Lon lame 8 

Fo y point betwixt C and - — the fare 
S — HC hall be greater chan the ſurface deſeri - 
by Hk, . Pe ker e is 1delf greater than that which is deſcri 

bar be or let endicular on Hk in 4 be produ- 
E it der DEM / and, Ef being [leſs than Es, (which 
I, to be either Eo to 428 or ol) it . mch cha 
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7 . 424. 155 VL Let b be 4 * on 18 Une 10 in 
H and C, or any where within the triangle CHK ;; let bk pa- 

__rallel to HK ICS in ne ty meet CK in 9 4 1 
= betwint and k; chen the rface' deſcribed: by 
5 eater than that wich is deſcribed, by-Þk... For let E paral- 

7 5 14 to H meet the axis in h, let de parallel to hy. biſet B. in 

|; a and it is manifeſt, chat if c be 
1 1 aralle een * 55 
| OY. 2 . „„ 243 Cos. 
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on CK, if ch and x pre be 
that the wh" Crh, Cab) be Folk les than 
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224. 80d. VIII f. Let HEC ben W. an arch & a a .continyed 0 68 
 vature convex towards the axis BG; let the N om X I I» 

to GH increaſe continually, and 1 e ordinate DE, 99 95 1 
kt Hr the tangent at H meet BC in T, and ſappo 
perpendicular on CQ the tangent at C meets 'DE i Me : io 32 ſ 

is either equal to the ordinate DE, or leſs than it. en the be | 
| = deſcribed by the arch HEC 1 50 6 about Lok el 
ſhall be leſs than the ſurfate "For ke Fi hu tang 

vin 1 to 


volying about ny ſame 1 5 1 nog 
meet BC in E, and T's in | 5 
1 one, and the ey HEC being 115 the triangle i 5 . 
i appears, chat, if the chend HE be produced fil it meer CV | 
= Deen deſeribed by HT ſhall be greater than that. 
2 d by Hr, by cor. 5. and the fi e deſcribed 
Ee eater than that whuch is deſcribed by-E by cor. 7 : 
re the Fund 1 9 85 che tangent. 17 is greater 
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NE 1 ns Wonlnd.F NY Fg ng 
ib % Ez, E reſpeftive cor, 7. therefore. 
the Te deſcribed HT bein 17 than that Which ; 5 
deſeribed by Hu, which. exceeds thar deſcribed dy HN; ane 
: p greater than tr bat which is deſcribed by; * 
which exceeds HB ſurface” defcribed: by HNEMC, it follow: | 
that the ſurface deſcribed by HT is greater than that which 
is deſeribed*by HNEMC. © 15 it appears, that fb. fur- 
face deſcribed 155 the tangent HT is N than the ſurface 
which is deſcribed by*the peri rimeter of 1 5 mea figure ine 
ſcribed in the arch Nc : and it may be thewn in the fame. 
_ chat it is greater er the ſurface ae by the pe- 
| 535 rimeter 
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* uch i 1 is eee by Br 


angle, CC which. it 
be . a "right angle, or 


than a right one, 99 61 be not leſs than TB, the ſurface de- 

Teide by che rangene HT: ſhall be greater than that which is 
-* delenbed' by ine arch HEC: for, in this caſe, E is either ys 

qe, te ED, or leſs than it. Ic appears 


therefore, that, when. 
e is convex towards the axis, and the ordinates increaſe. 


taken of a finire magnitude ſo that the ſurface deſcribed by it 
tangent at H terminated in. T by the ordinate from G. If the 


meet GH. in Q it is evident, that the ſurface de · 
ENH the perimeter of any rectilineal figure inſcri- 


ded in = arch CEH is abvays greater than the.ſurtace deſcri- 
bd OE 8850 0 


2 N hs ſurface deſcribed by 
EQ, 2 


; Bs bos. 25 * TY "ths e kn "ly, conv 


| axis AG, and the ordinates pm increaſe while the axis Ap in- 


creaſes; * rhen, if the axis Ap" increaſe uniformly, the ſurface 


| deſcribed by the curve Fm thall increaſe with an accelerated. 
ual augments BD, 


motion. For, while the axis acquires:the e 
DG, let the curve acquire the a ts CME and ENH; and. 
ir is manifeſt, char the ſurface d ibed by the perimeter of any. 
reCtilineal figure inſcribed in the arch HNE is greater than the. 


_ deſcribed. by the perimeter of a reQtilineal figure inſcri- 


ion in the. arch EMC. Therefore the. 


farface deſcribed by the arch EH is greater than that which is. 


deſcribed by the arch CE. - Let CQ meer DE in 3, and the. 
tangent at H meet. DE in 7; then, the ſurface. . by: 


the 557 CE being greater chan that which is deſcribed by the 


t Eg, and che ſurface deſeribed by the arch EH being 


E than ther wich is deſcribed by the tan ent He when 
n at the motion 


With. 
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While the axis increaſes, in arch of the curve, as CH, may be 
mall be lefs than che ſurface which is deſcribed. by HT* the 


enden e en 


with eee beg ug bn 8 | 
 ſatibes the arch EH, is accelerated in a en 
Den Con; XI. bereft: remaining as in che laſt corollaryyFre. 5. 
| 0 hen the arch CE H is conca/e rowards' the axis , BD may 


taken ſo ſmall chat the ſurface deſoribed by the tangent E 
ſhall be il thn ch rhe delete. he the: chord CE, by 
$9562 060 therefore leſs than the fur deſcribed: by the 
ach CE, which excceds.thas which. 1s. deſcribed: — hong 
CE, by art. 21. 5. The ſurface deſcribed by che arch REEis led 
than that whic is deſcribed by the tangent Et, by the lame ar- 
ticle.- In this caſe, when the axis in creaſes uniformly, the mo- 
tion with which the ſarface alerted 1 _ curve W MF 
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3 226. Let „ DE 95 Gr pez pendic cular t0 the axis. gGFre.74 
met aE in E A 7 and, 1 in the ſame teme that the 
motion with which the axis aD "flows: continued uni- 
 "formly generates D Jet the notion with which 
b Abbe . (ur face g Fribed E PE. „ 
5 F generate 4 ace equal to Rx then fhallths 
ace R le equal ta te area of. A ci le tha. radius 
| ba 1 2 is 4 mean-propectt en betwwixk DE aud 2E. 
eb Nun a ack; foe ee SH een una; ud 
2 For, it che: ſpace N be:gtenter tin ſuch a cirole, let Ad be 
greater than A in the ſame ratio; and, if de parallel c DB | 
Y 9 % R. ſhall be equal ta a-circle whaſe mdius 18 s 
mean W betwixt. do and 2E; becauſe tie a of 
this cirale is to the area of a circle whoſe: radius is à meats 
onal betwiat DE and 2Er as de ite DR or a AA 
4 ee The ſpace which is. generated by a trans 
4 1 which che ſurſace As flows continued wnitormlyy in the 
time that the axis 4D by flowing uniformly. acquires the 785 
ment WING: is to the ſpace R as DG. is to D, (by. theor../ 
a8 Et i to Nr is equal tothe area news oo 
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[ 1 d Ah N hte 
equal at the term when M and N 


= 45 Bee 


er to E, or the fluxion'of the ſurface FE ſhall be 
| 2 to the fluxion of the ſurface aEe. For, the conſtruction 

— — 2oGch: and nadth articles, firſt det the 
arch GEH be conuer towards the axis BG, 4 


7 
u 


the ſurface 
4 . OH ip conan 5 3 — ne de 

art. 2a. rt; BD to be 
| —.— iccording 10 the 22, rang n n on ular 


ig gre ſpace which would be gene- 

mies he ox motion u 5 Fu flows conti- 
nued uniſtumly, in the ins F deſcribes BD with an uniform 

— motion — iom; and the former is leſs than the 


. 2 
* 2 5 I 
* Ss : 
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i — ̃ ̃ Ä—Ä—é— — x. od 1 m the 
ſegondiaxiom;” Therefore the motion with Which 
e Ae is greater than that with which xhe furface 00 
5 and it is manifeſt from the ume axioms; chat ir is . 
t motion with which the ſurface EFH Fart 10 th 
— equal tothe motion with which the Kufa FfM 
s NE M comes to ſome intermediate point of 1 arch 


GH: I it be ſaid to be equal to the moti 


farce Heek How, X being ſome pobnt berwi it E ad Hf Fl Kc 8 


A perpendicular to the axis it a meet che —— Ein a 

motion Cul wich which the furface K flows continued uniform! 
generates a __ greater than the ſurſace Ce in the time 
deſeribes Da, by ax. 1. The ſurface EX is greater than che 
ſurface deſtribed by the right line Eo revolving abont Da, 
art; 225 Therefore the motion with which the ſutfate” 


5. But a leſs ſpace than this ſurfa 


by the firſt axiom: And tlieſe are contradictory. Therefore the. 
motion with which the ſurface 2Ez flows; is not greater than 
the motion wich which the ſurface” FfeE flows. - Nor carl it x00 
leſs. For, if it be ſaid to be equal to the motion with Which 


thi fuer EHV flows, V being any point of the curve hetwixe 
E and O. 1 10 meet the axis in d, and the tangent E in ue 


Then, the ſurface deſcribed: by Eo about the axis BD being 
22 the ſurface Eey V, (by art. 22 5.) and this ſurface 
greater than the ſpace Which would 70 generated by the 


motion with which FH V flows continued uniforinly in the time 


P deſeribes ene, — (by by ax. 1.) it follows, that the ſpace 


it is greater tlian that ſurface by the ſecond axiom: And theſe 
are contradictory. Therefore the motions With Which the ſti- 


faces FfeE, aEs flow are equal. By the laſt Tenima, the'fluxion 

of the axis AD being repreſemted by DG, che fusion of che 
furface AEe is W ee K. cirvlehe"paainsor 
„ : Pb ike | | winch . 


4+. 


S 
flows continued uniformly, would generate a ſpace greater than 5 

amen by 25 5 n the time P deſcribes e : 
e would be deſcribed in that 
time by the motion with which Es flows continued uniformly, 


in that time by the” motion "with N 
which e Gower is leſs 1 ſurſaee deſeribed by EO: Bit 


e 8 8 
* I 
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conical ſurface deſcribed by aN flows is continually accelerated, 


t and DG, 


- Falk del be-act wo ACN" 
17 8 of which is a mean p 


230. Let the arch CEH'be now. concave: towards the 

and BD may be taken in this caſe ſo ſmall chat the ſurfacs deſe | 

CE b grnr doth face Line 
the: tangent Mart. 227. but ri 

1 always greater than that which is deſcribed by the arch H. 

the axis-increafes uniſormly, the motion with which the 


art. 219. and, — the motion with which the ſurface 
2 flows be uniform, eee it follows from 
onſtrated in the 33d, g6rh articles, that 


7 5 * motions with which the 8 1 92 ual 


£ refore, the fluxion of the axis AD being 12 eſented by DG, 
EE the area of a 
circle whoſe radius is a mean proportional — Dilaed 2Et. 
The demonſtration is rendred general by eee 
bare been Io ofien cited from the firſt chapter. e er 


| Fi. 56. . 1231; Cos L. Let EO perpendicular to the tangent Ez meet 


the axisin O; and, becauſe EO. is to DE as Ex is to DG, it 
follows, that the fluxion of the ſurface Efe is nieafured by the 
area of a circle whoſe radius is a mean proportional betwixt 2E0O0 

when the fluxion. of che axis is repreſented by DG. 
When FEH i is an arch of a cirole hoſe diameter 
AB coincides with the axis of motion, the perpendicular EO be- 
ing invariable, the ſpherical ſurface AEe flows.uniformly when 
_ the axis AD flows uniformly ; and, in the ſame time that the 
uniform motion wich which the axis flows generates AD, the 
uniform motion with which the ſpherical ſurface flows: generates 


| PEN area of a circle whoſe radius is a mean 


betwixt AD and AB; that is, the ſpherical ſurface 

HY 5 to the area of a circle deſcribed with the cho1d 
E; and the whole ſurface of the ſphere is equal 20 4 wircle 

s is AB — ind b 


in the trod Ho 


* jo Attnrvtbrs 


chend AB t is not a diameter, Let RK perpendicular from” 
the center Y upon AB meet it in K ij let Li be the diameter pa- 


252. Cox. II. But if the cirele be fu ſet 825 ere eren „ 


_ rallet to AB, Aa and By perpendieular to L meet the circum» | 


ference" in a and#; produce DE till it meet the circumſerence 
5 Ke e and let it meet AR the tangent at Ain R. Suppoſe 
ni 


t line R to be the radius of 'a-circle whoſe area is A. 


Then, en 


bf AR above the wel when E is taken upon the leſſer 


_arch ſubtended by AB, the area A-ſhall be equal to the fürfsce 
_ deſeribed by the arch AE by revolving about the axis AB; -and, 

if R'be a mean proportional berwher 2VE and the ſum of the 
right line AR: a. to the arch AE or ae, the area & ſhal be 


ual to the furface deſcribed by the arch ac about RB. But, 
if E be taken betwirt A and L; then, according as N is 4 


mean proportional betwixt 2K and the excels of the treh AE | 
above AR, or betwixt 2K and the ſum of AE and AR, che 
area A is equal to —— -deſcribed by AE, or that which' . 


is deſerided bye For, let ene meet AR in 7, and 
Ie Er meet 1. in; and, fince Ry is 
or VA to VE, and DG is to Es as 4E is to VE, ir follows, 


EN is to VK; and that VK is te DE as Er 


is to the difference of Ry and E, "bat that VK is te De as Er is 


to the ſum of Ry und E. Therefore che fluxion of che free 3 


deſcribed by M is meaſured by a circle whoſe radius is a mean 
proportior Verwint VK and che difference of Re and Er and | 
the fluxion of the ſurface deſcribed by the arch as is meaſured 
by a eirete whoſe radius is a mean propottional betwixt VK 


and the ſum of Rr and Et. But Ry meaſures the fluxion of | 


A, and Er mieatures the fluxion of the arch AE era. 
fore, according as R is a mean proportional: beewixt 2VE and 


AR and AE, che area A is equal to che ſarfuce- deſeribed by 
the arch AE, or that which is deſcribed by ae. When E is up- 


2 lefler arch-ſubtended by che chord AB, the ſum'of the” 
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to DG as AR is to AD, 
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re: orders from the firſt} are to the fluxions of BP 19 1 
ſame orders, reſpectivel in the ſame ratio af PH"to SP, thi er 
the fluxions of T of Dee alſo wie S 


282. Ic follqws alſo from the 80th article chat; che curre 
pp being contiſued on both ſides of the right line PL — 
angle SPT being acute, P isa point of iconmary lernte, Then 
the fluxion of the angle AS T vaniſhes, or When ehe flürien „ 
the angle ASP becomes equal to one half of the fluxion'of Tor. 

caſes however: being excepted in Whieh AST? mo 4 
mae or minimum according prop. 21.) chat is, when the 
angular velocity of 8 about & is one half of che 4 a 
locity of SL about 8, and is in the ſame direction; 4 


motion of SE and SP be in diflerent 71 the ang 
motion of ST does not vaniſh wh | SR 
5 one: half of the angular in 


the fluxion = 111 is co the roger hy of PH is . — 


AT . cqual: — he fl — 
when the £ —— 
8 20 AL, becauſe ASE; ASP, A8 T are in arith 

* Leneral,-the ſeries of — — TR 
— — | the 
that rr — laſt 
to L in the firſt curve is 
7 flexure py ger 
—— — ro pepe 
is a cu- 


—— — — ith Sik) A 
che diameter chat paſſes. hrouę —— — 
in a Pam of concrary flexure when the {quare of LS is one third 

part of the rectangle A8, or (Ls being: produced till ir meet 
F eee Lis one fourth part of LZ. For, 
ee perpendicalarion L in V; and, SLR being made 
WE if R meet the diameter in R, the fluxion of 

ir e of ASPY as OR i % SR 
_ by prop. 18.) or as LV is to LS; and therefore, when LS is e- 
| qual to one half of EV, or one fourth — the flution 
of ASP. is one half of the Anxion-of. ASL, and P'is 4 point of 

trary 3 that Ein; wherein CS is equal 
80 i and SB is one fourth part of AB, — 1: tir | 
2 pagers Pan * e 2 : — nn 


circle, or ar apo the — — che 
comes AT TOC ne half of the fluxion 


does not vatiſh. 2 
0 r DPE; GR, S being 1 point 
last curve OE: the: — that correſponds 


: by unit, If whos 255 Quare of SL is to the given rectang 


8B in thas ratio; and that point is a cuſpis when SZ is to SL, =” 1 


as the number of curves is to this number diminiſhed tire 
the caſe being always-excepted When & is ſo ES 
1 — + HOMES ee B when this Happens. 


1 velocity of the ray abour vg are is to the an 
of the perpendicular i in any invariable ratio: 
ow this kind; it has no p. 1 
aun i coincide wirh tha gi | 
being oi der gage Kind f :ontrar 
_ xyre;; bit if S be any other point in the plane of the 
II. dhe curves! DPE, St IA er, may e e e 
flexure and reflexĩon that are often eaffly determined 


22. & 210. When BE is. a 8 ö le. 1. 


rabdla upon the axis, P. is a poigtof contrary flexirs When L 
is equal ES, or when nt deteg 
axis in: M), is one tliird part ef 38. ee ly ty” 

Jin this caſe: e ee. nts of reflexion correſpendiug to the 
two points of in the curve DP, an ente pee 


of reflexion upon the axis of the parabola at a diſtance from 8 
n 


towards A 


one fourth pat of the Parametem. N 


285. The right line ST is alſo a manu. or minmum;. Ar 


he fluxion 2 vaniſh: when the flax ion of 9 2 ro 
8 ble;-by ec hind galt the s ale WR: 
8 * S171. Fn C4 9303N 


pecially ly whey cs 15 is 2 — 4 
1 3 
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288. Let AD 1 
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9 ——— — * 
Co * 


1 the oonehei 
3489. Ton 
mit that" a 


* Aa. 5 


oh 082/other 
3s : Be 
mity be 


"Tet 
one half of what it was e 
in which caſe the ordinate: never vaniſhes,” becau 


e 


br 
& 4 F © CT. 
4 ; 
bf 


&* 1 8 fem beg 
the angle. 58.2; an the lar 
7 che may becom 1905 than 
AP t 
en if Jro fn} $-: 


the 


bad L 1 up 
ahh hos confpfts of parts infinite 

e Are an art > i =_ 

S FRNCE 30 APY 2 &.is lent; that it 
een apw.s parts equal 
ie duppe- 


* propoſe: a 0 er 
nen Spins 


i ihflity.of magnitude. 
n 2 giyen Magni» 
not to be ren or li- 


2 5 515 


— 


By to 41 ee —— of arts 


a guiched in it.by ſenſe in any partieular deter- 
oP: But they find no difficulty in conceiving 
lueh-s ſuppoſition does not appear to be eas to 


785 28 975 31 af kno led ads Wil yo ram ige ths Fer 


14 


ä n 4/10 © A : 791 


3 


Eagle 


Lr doe conrrance ul 
me ccm 


y oor conoive ener ma- 
1 bra * ee divided * 
ven number of parts; whether ſo many parts be actuall 
guiſted- by ſenſe, Gr not. If rhe e and its af 
; ly deſcribed, they would ſeem to ſenſe 
; — cher, ar various : ditances from che center 
to. che different” circuniſtances in which they might be: per 
ceived ; but we may cohceive the ordinate at the point We. 
thoy'ſeemito Join to haye a real magnitude, in the ſame man- 
ner as we coneeive a given line to ſubſiſt When it is carried to 
ſo great 4 diſtanee that it Vaniſhes to ficht, or r any ſmall particle 
(. an atom in the fun- Deuts) do exfftg though Wees the 
Touch, or haye no tangible magnitude, It may perhaps Mu- 
A ſtrate this; if it be coriſidered, that the curve cannot be ſaid to- 


meet its aſymprote in this caſe, in the fame ſenſe that a cirele is 
ſaid to mett its e RI it appears to interſect in all 
_ ciſes, whatever the diſtance or poſition of che figure, or the a- 
may be; whereas the ordinate of the 1 : 
ſible ata leſs diſtance, aud may be diſtinguiſhed 1555 more and 8 
more viſible parts, in propori 


cuteneſs of the ſenſe 17 
perbola that vaniſhes to 665 ighit at a greater diſtance,” 


n as it approaches to the eye, or 


the ſenſe is more acute. And ſurely it muſt be allowed that 
there is ground for a difference berween à line tfiut elcipes the 
e and vaniſhes, becauſe on 5 diſtance racy the eye, _ 


IB I04 n 

8 8 

e 0 18 8 * 
» 8 

8 . "6 le- 


s at eight bij ch am m4 
Held. at: thedengrh-of the arm Diels 
explain in what ſenſe this is to be uadegiio 
cheme ? It is enough that this ſenſe m dito be 
plain ani obvious, as it is univerſal, and that Segmetnelang aught 
1 onl es and eee 
r 
5 the \nandplanets; and The tber | 5 
| enquiries; 50 be the ſame bodies, w en ſeen at 115 - 
nor different times: And if chey. were not. allowed: th con- 
_ -fider thoſe bodies as made up of more parts than axe perseived 
by ſenſe, and eee gory were under the ſame limitations: as 
to; maghiruc eneral, chey.would net he- little ed; 1 
r i ee int ricate anf fabtilen part of: thoſe; ſciences 
onky chat would be chung. pared off, The leamed-author above- 
amentioneditells us, That the magnitude of the object which 
C exiſts without the mind angie at. a diſtance, continues al- 
«- ways; invariably. the ſame:*.”;. He ieems-to. ſpeak of tan- 
Sidie e. ien ot cur (bufnels. here to enquire how, 
according to his dostrive, tangible magnitude can be conceived 
to exiſt without: the mind apy; more than, viſible magnitude. 
This coneeſnion perhaps is made only for the fake of his Mor 
gument in this place; . e for the exiſtence, of 
uch an object may; ver we ee e That 
1 lee for. the exiſtence of any 28 is that are 
immediately. perceived. by. us. And ſince he admits it, 
Sy pop rom it, ig this treatiſe, it would ſeem that ſome 
in variable magnitude is to eee We end by 
"$1.3 J Siet. 904 on SIN IE FIR ae an 
9115 14 TH of Viſio ion, 8 a 11913 31 FT 2 Tot Hanoi E 72 1 
: i Ad... 4 5 3. FOOTE A 3] 111 1 25 52 8 SHEET 3 fra e the 
je” = 14 3 ' 


L Fg 
w 9% 1 + 


the" fight; thous 7 not me 3 and chat this magnitude 
may be conceived to be divided into any given number of 
parts, from the demonſtrations propoſed by Geometricians on 
5 In applying which, it ought to be remembred, 
that a e is not confidered by them as a body of rhe leaſt 
ſenſible magnitude, but as the termination or boundary of a bo- 


dy; # line is not confi dered as a ſurface of the leaſt ſenſible 


| breadth, but as the termination or limit of a furface : nor is a 
1 conſidered as the leaſt ſenſible line, or a moment as the 


eaſt perceptible time; hut a point as a termination of a line, 


and à moment as a termination or limit of time. In this ſenſe 
they conceive clearly what a ſurface, line, point and a mo- 
ment of time is; and the pgfulata of Ever 1p being allowed 
and applied in this fenſe, the proofs by which it is ſhewn that a 
giyen magnitude may be concetved to be divided into any gi- 


ven number of parts, appear ſatisfactory: And if we oft the 


ſuppoſing the parts of à given magnitude to be infinitel 9 
or to be infinite in number, this ſeems to be all that 


ſerupulous can require. 


* 
5 * 5 9 
2 5 * 
1 * 8 
* 5 g 
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But to proceed: | Phe a Ag, the Hector ang re 10. 
uced 


the ordinate PM increaſe continually. while AP is 

but the arch Az never amounts to Ax, the ſector AK gt to the 12 
cor AK x, or the ordinate PM to the 870 right line AK the 
diſtance betwixt the baſe AP and ptore KIL. An area 
APNF may increaſe at the ſame rate as 155 quot Ag, the ſector 
_ AKg, or the ordinate PM increaſes; and, by flowing in the 
fame manner, it may approach in magnitude to a given ſpace _ 
continually while the figure is produced, and never amount to 


it. Let us reſame, for an example, the conſtruction of art. . 


and, Oo being biſeQed i in M, OM in N, ON in R, and ſo on, 
let the rectangles OoBA, AH, DalE, E-KF, Oc. be comple- 


— and let Na, Re r Aa in L and V. R 'The 2a gry AH, 
I, EK, Oc. are reſpeQtively equal to the rectangles os, ML, 
NV, E and the ſum of thoſe reftangles being facceſhvely: re- 


qual to o eL, oV, Oc. it is therefore always tefs than the 
1 aA, though the ſeries of thoſe age? be. conti 


— 2 * 64 * 5 55 4 es 276 655 is : ; FF. K* : 55 Z f . : : & ? 9 
vit. 8 at N FFF 8 4 OW W505" 
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V 4 ” * 


1 
'F * 1 : 


= gill TR "vs ve arge to any bs N 
great ever it may be. The differences 3 their ſucceſ- 
5 ſums and the rectangle oA are ſucceſſwely eq ual to the rect- 
angles AM, AN, AR, Sc. which continually — and by 
coßtinding the ſeries may become leſs than auy given ſpace. 
Therefore the rectangle oA! is che limit to which the ſum of the 
rectangles AH, DI, EK, Ec. continually approaches while the 
Hgure is produced, and to which it never amounts unleſs the fi- 
gure. be ſuppoled to be infinitely produced. As for the area 
bounded 105 the curve eee md ae. ule AF, it is . leſs 


TY 


Aae to a lefler 
an 25 if we ſuppoſe 0 


nate that is half a right one; and the limit — the area bounded 

by the curve oadef, ordinate Oo and bale QF is the ſquare of Os, 

For let any ordinate Pp.meet. oB in Z, and the fluxion of Pp 

120 oEpZ) ſhall be to the fluxion of the baſe OP as Pp is to Oo, 

_ — the fluxion of eee . 

. 0 uxion rectangle contained by Oo and p, by 
pPecop. 4. and the area OPpo is equal to this rectangle by art. 24. 
And as 172 is always leſs than Oo, but approaches to it ſo that 
n given line hy pro- 

n ducing the figure, ſo the area OPpo is * than the WW 
; . of Oo, but approaches to it continually, ſo that their difference 


— 


(the ntained by Pp and O0) N become — hen 

F e Denehe Joe £1, peralleh.to che date AP being the 
16.1 2 t to 0 e a- 
WY, — let PN the ordinate from ng. curve 


3 y curve a 
e be always to the given right line DG as the fluxion of the 


ordinate PM breche 7 0 of the baſe, and let PM meet ap 
Then the 2 ſhall be the aſym- 


er, but ſhall e hi — —.— to chat 1 fo on 
eſs than any given ſpace by pro- 


a r * 


wy „„ | 
equal to the 
Pic — 125 IM- 210 456 ith may become leſs "i 
than any given ſpace, but never vaniſhes ; -becauſe IM may be- = 
come leſs chan any given right line, but never vaniſhes, fince 
KI is ſuppoſed to be the aſymptote of the curve ME. 
294. When OV perpendicular to CO is alſo an alpmptte ef 


the curve ENA produced beyond 4, the right line Cy (men - 
is the; continuation of CV) is an afymptote of the curve de- | | 
ſcribed IR continued on er- ide of Ao N 15 

carne 


pptot 

FN Was eilochiced: berth the: baſe: AD; whidh 19046 rr int LL. 
ſymptotes, the area APNF was always'leſs than a | ert, 1 
(the rectangle contained by Kaiand/DG;)'which we therefore N 
Kall its limit; A che latter caſe, when the curve FN is produced —« 4 
_ alongit its orheriaſymptore Cv, the nren APN may exceed*atly TY 1 
given ſpace, and has no ae They who ſeruple nor. — 
to ſuppoſe the curte and afymprote to be infinitely produced, ay, - 
that the area RPNF then becomes equal to its limit in the —_— | 
mer caſe; and that it decomes infinitely; eur im the latter caſe. 
Fat this: En has derer peut in certain caſes to he more than 5 | 
te au rs; from an analog y N imagined to | SI F; 
broom Tor is negative; nothing, and aue TG" WIRE is * 8 5 
Kites) infinite, and more than infinitmme. © | 
I But when the curve * on os EET Fro. 2 

of touches the right line CV in Iz the right line Er is fill. „„ i 

an aſymptote of the curve deſctibed by N centinued on the o: 
Po ide-of F, becauſe the ratio of the fluxion” of PM to * 
fluxion of th 3 or of N to D, may exceed: airy given 
ratio While deſcribes AB Dar in thi ſe the area" KPN 
9 is equal to the rectangle contained by y A, DGY' 
n leſs 8 allignable- — the ret 


* K 
— 


o 


x. - ay, os 


_ plea area 2d — — PN, PN has 
4 are on yy . AF, is always leſs chan the eRangle 
- contained-/by- CL. and DG, to Which it approaches however 

As its limit when the figure 

An when the curve is ſuppoſed: ro\be-infinitely pr both 
ways, and the alymptotes W, Bo are alſo ſu 
5 infinitely p roduced, the whole area a wmrmey betwixt the 

curve and its wo aſymptotes is ſaid c be come qu to this 

rectangle contained by (Land DG. N YT 

P16. 107%, 490. While the point N . eurve 

K ag. N char x | Ong i che baſe AP, Which is one of its aſym- 

if PA de w DS as che fluxion of PN is to the fluxion 


Ng > contained - by DG arid the exceſs'of AF above PN; 
and the reQta ain d-by-AF and P00 ie de limir to 
which the ares Aber continually apf oaches by producing the 
© | gms 0p ng rs ferics of curves. . 

manner, mate urve being to given 
D R —— g 
curve in the ſeries is to the fluxion of the baſe,) the rectangle 
2 by. the ordinate at A —— 1 and 


. — — point deſeribes a curve 
that has the ſame aſymptote; but the-ares- Ap in" this caſe 
— op any given ſpace by producing the curve fn, and has 
limit: r be fig of the ares of 


bre. 8 297 ben che ve ARE has not en aſym 

| the AP, EI 
M and Mz parallel to che baſe de 6 
curve it may become leſs æhan 2 
Abe b, W. tho bus AP , — 2 


cauſ che ratio of OS — is the 


is produced continually both ways, 
ble e be 


| = the. baſe AP, che area APaf ſhall be always equal to the 


| : — N eſeries — 1 Mick 


- 
—_— 
BT. . 


80 249 
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r of E 0 Mi by prop. become leſs than 
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This may de eaſily extended to ſome claſſes of the higher orders 
of lines. The — that are deſcribed in this manner have always 

: ob amy oh —_— + mms ray are more 
_ _ complex; for though, in particular cafes, ſome of thoſe: points 
| become ſimple; yet one or more till remaim double, or the 


̃ Fro-134-curve becomes a conic ſection. Thus, if M deſcribe a conc 


ſection chat paſſes. neither through C nor D, while: Q nies 
a-xight-line- A, deſcribes a line ee onder, th 

has three double points, wiz. C, 8, and the — DE 

meets AQ; unleſs when P and SP coincide at the ſam̃e time 


i 5 with GS, in which caſe the points C and S are no longer double, 


aud the curve deſeribed by P is of a lower orden; but the curve 
is then either of the third order and has till a double peine, o or 

becomes 2 conic ſection : And the lines of the third order, that 
haxe no dbuble point, cannot be deſeribed, when the angles or 
right lines are all made to revolve about fixed points, or poles,: 
by any method at leaſt publihed hicherto./ When the angular 
NES are c — —_— right lines, as in che: e EX ample, 


ene >nendec 1 e an 

— — „ 

By. and Do be de ente 3 de ed, by the points 
M, Q and L, and let PM always paſs through a given point C. 
and Q through a given point 8; make the angle MCG equal 
to or AML, QSH: equal to B L, O that a circle through 
OM and & may touch Aa, and a cirele through 8, Q and H 
may touch. B55) and let CG, SH meet LM and LQ in G and 
H, reſpectively; join GH meeting Da in I, make the angle GLZ, 
equal. to: HLE with che precaution we have often. mentioned; 
ler CT be.to.ST' as-GZ 15 to H, Obe the points C,'T and. 
A be de ane uation SG * 


8 . 8 


5 cmmry ty rom Þ te Cr De e. Wie M,. Qand 1 
. 8 lines, — line of the fourth der in 
wick C and S are double points, unleſs the revelving lines: CP 
and 3Þ: coineider at che ſame time with C. But in this laſt eaſe: 
- ſuppnſing C8 to meer a4 und Bh in A and B the angle 
8 equakre: NL, and RK to meet Da in K, Wwben CMI is 
equal to GAK) P deſcribes a line of er point? 


ann ener, cuyoar - prop. 1. ak. 1:)-and 


comes when M comes to A and e B. ink thus lines Ehe 
_ third-order) are deſcribed. that have no double point, and their! ; 
tangents and aſymptates are determined from the deſcription. 
The fame principles ſerve for determining the t and ae 
er, f the curves that are generated When 8 an 
7 3 deſeriptibn. OED 12,5. 8 
Ry raren orems 


75 — let ques: ter gr line: meer — 11 $55 whe re Fool 
a, b and e; join;Ce meeting Sd in D. Let a cone ſeftion de- 
ſcribed: through the five points C, 45 d and f meet CS in) 
J, join Dr meeting ah in k, * 180 auck ir ſhall-be the tau 
| gent at S. Or the point g may 4 found withoardeſeribing the 
conic ſection, by — and & till chey meet in j S and 
meet i W ich e 


22 


* 18 3 
« 7 
7 


3. 10%. e IM in ant. 


2 
oy * | 
© * ad 
57 - . N „ 
1898 * 


2 5 7 any given ace. Ii is the a e 40 
4 talen F 


veral.ocher r methods from che fave principle 

Ot the. — by the Jearned Mr ere Ie 
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| We have deſcribed cheſe examples/in — rather than 
e mi ee WT | 
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on "Hs ordinate of the figure. APNE,. ia a. p 

 4pproaches to aniafſignable ratio; dt i — 
- #2e figures are produced ; let PN be reciprocaliy as 
any power of BP, and if the exponent of 2077 Power 
ik greater than unis, and AP be raten upon BA pi 
"duced beyond 'A,"Hhe" areas APNF, KPI TÞ 
dave limiter; "but if that exponent be not. s rreater 
nit, rho 72 areas may 5g produced. till 2506 ex- 


C 


+ 


om T err l B. gig: GS. Elin e bi fle 75210 
1 2 n Form oft dos 3963-447 
293+ be 
hoſe. exponent. is any poſiti fraction expreſ- 
#%. and the fluxion FIN ſhall be to the-fluxion-of CI: 
baſe Af) in the ratio. compounded of that of IM to 
I and that of in to unit, (art. 165. & 168.) Let PN be to DG 
92 as the fluxion of PM (or of IM . fluxion 
of the bale AF: then PM ſhall be as IM di and BP inverſe- 
» and therefore inyerſely as ſome power of BR whoſe exponent 


bee Mhen — produced be- 
the area. A i e, n — 1 


„ 5 5 


3 1 ha ———— Eben, en . Bur f 

5 cl ee A LOWen 8 — 4 the rea: APNE: may:be; produ- 
| he 4 Therefore, 2ONVE 7 Þ " 
— Fre BP whoſe exponent exceeds unit by any any integer n 
” hass imipwhen A is taken 


por —— — — 5 — r 2 


4 2 unit, a ns 7 power ok be wh 
2333 if A ende from Arewards f. but has 
no ſuch limit if AP is taken upon BA beyond A. This 


being premiſed, becauſe the baſe A iu an afymprore of the OY 


ure "APNE, and the ratio of Pr to PEN approaches to an a 

able ratio as its limit while the figure is produced, 1 it follows, 
that AP is alſo: an aſymptote of the figure Arg. Suppoſe that 

Ag is an ordinate at ſuch diſtance from A, that wheln AP is ta- 

ken upon BA produced beyond Az: Pr never coincides with any 

aſy mprote the figure A Pg may have parallel to the-ordi mates; 

and ſince the ratio of Pr to NN, is never greater than an 

able ratio while AP is any aſſignable ——— limit to 

which their ratio ap 


| proaches (whether by increaſing or decrea- 
fog) while the figure is produced, is alſo aſſignable; it follows, 
chat there may be a ratio of a greater finite quantity ro a leſſer 
which may exceed any; ratio of PH tO PN. Let Ab be to AF, 
and the ordinate Px always to PN in ſuch.a ratio; and the ſi- 


gure APxb thall be always to AP NF in the ſame wic, (by am. 


111.) Therefore, if there is à limit wich the area APNF ne- 
ver can amount to, there is alſo a limit which the area APæ¹ñ 
never can amount to, which is to the former as Ab ist NF. 
But Px is ab khan Pyr and the area Mi greater 
chan APry'z therefore there is ikewilers limit Which the uren 


Arg never can amount to. If the area \APNF" may be pro- FC. 1 8. 


duced till it enceed any given ſpace, that is, if it have no li- 
mit, then let Px: be ſuppoſec —.— to PN F 
leſs than 1 of ng N 71 area APxb mall 


0 wee parſle] ro the ordinate 
and the curves, either 
d'ull)cheyexceed any 
of che tea APN is 


1 ED elit x0. Arlo dl a a7; - ah 3 


I 
fg ee in Ras his tat uben rhe ba Lene 
produced, and the ordinace becomes an infiniteſimal of any or- 
der benen firſt, the ares is fine; but When the ordinate 
is an eil ol the firſt order; oth dt, die a compleat 
infiniteſimal (as he n — eee euer 


ꝑ— 3 ſuppoſed — if ng exponent be 
TS. ———— N is an infiniteſimal of the firſt order. 
. 1 To give an example of this propoſition, let 
3 n be enen by anf frattion whoſe numerator and denomi- 
SY | norco een, rmed from the powers of BY and given 
1 * ai lit, Air 2 *1 25 _ 9112 5515 
| Hg | PEW 0 Kr. 13 ge 2 — "1 TT. 
V  repret BP; » 9 ny iven numbers, 3 
1 ED invatiable quantities 3/): then, i 14 = ee the:higheſt 
—_— Power vf BP (or * im the denominaror exceed the epOnent 
power in: the ninnerator,” the. max Ip bean a- 
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E e to make uſe ie che . in call arg fie 
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than unit, (t 


5 4 dur t excels be equal 


limit 3 or, according ao the ufual'e on, it ſhall b 
finite "tibo produced. infinite ly. If the loweſt exponent of BÞ 


(or ) in the terms of the denominator of that fraction exceed 8 
Z its Ke, Arche e thall: baue an — 


5 hs 
exe we 11870 be vided: | by the 
this powe n 22 3 


We quc 
] with Uni- For ler PN be reciprocally as che power of 


whoſe e eee is equal ee e ratid ot 


Pr to PN approach conti to an aſſignable limit when 
the figure is produced: 
Bp is of any -dimenſions, 3 is to a term where it is of any lower 
2 power of BP. is to a given quantity; an 
the latter of cheſe erins is to be -negleC 
h When t nit of the ratio ot Pr to 

ef ue is produced along > the. | 


Aud therefore the limit o 
thoſe terms only of che numerator and denominator of che _ 
of Pr, Where the exponents of BP are higheſt, in the former, 
and whore theſe exponents are loweſt, in che latter caſe. 


328. When the ratio of the fluxion of Pu wo the fluxion of Fre. 138. 


PN approaches continually to an aſſignable ratio, as irs, limir, 
while the figures APrg, APN are produced along the aſym- 
ptote AP, the ratis of the ordinates Pr and PN. to each other 
approaches likewiſe vo an aſſignable ratio. For let nor $a 


Pr and PN vel deing ig meaſured 
by the e. . the . . be any point 3, 
a; Q being atiy where upon Pg, let e! at Q and 


7 7 the curves FN, g. aud in M. V, T. — , % and 
23 and let Yr 6 . ſtance from A thäz! i the figares 
34 | | "ifs 


$445 


a equal to m1; th tele) wt APro hall Ry 


'. 
e ⅛— öod RAY CAA nts phonetic om eb WS 


© a term in che value of Pr where 


S 14 To 


of the latter, while it is OED along the -alymptote BV. 
pa 55 r DEL: 


„ nn. N 
vond F 1 by Pr — DG, — — PN * 
| and DG, are the limits to which the areas Pgzf, Pgrn continual- 
I approach while Pg/is produced by art. 296. and che ratio of 
Fr to PN limits. The ratio of Pgz/ 
to gin is always leſa than the greateſt ratio of the ordinate QZ 
to , and is greater than che leaſt ratio of QZ to Q, when 
this ratio is variable; and it coincides with this ratio when it is 
— 4nvariable -Therefore: the ratio of iPgz/" to * always ap- 
_ pro bes to an aſlgnable ratio as its limit while Pꝗ is p 
however great the diſtance Ap may be; and, vently, the 
Tatio at Pr to PN approaches likewiſe to ſuch a limit. This is 
cient for our purpoſe; but it might be ſhewn, that this li- 


mit can rende limit of the io af eee or 
e e eee i + 
13 HA * * wt F t IX 4 EE 
E724 Wy i * 5 * R 0 p. oY > ” T Se ; 
N bb IN 222 1 
6294 e FEE, of the baſe AP. Fat g given, las the 


4 © fares of the ordinate PR be repre Ented by Pr, and 
3 "the" Amit of the ratio of Pr to an ordinate of an hy- 


Fr "25 3b. Perbols that ts reciprocatly as 4 power of BP whoſe 


©, exponent it n, be aſſignable : Then the 
Hall have an 4 7 that is parallel t "the baſe, 


EIA S 
e 


r £oancides with it, when u 15 greater than unit; 
"and there ball be à limit which the area hounded by 


ile curue aR and this tale neuen qu en. 


than 2. 5 . 8 40 3 4 
"Ws £4 $78.4 * b * 


. parallel to the . 4 ny 
AH 95le be mers PR in p. The figure. apR. B 2 
a ee to the baſe when. the area Ape has a limit, 
15 art, 29 that is, by the laſt propoſition, when the ratio of 
(Which meaſures Go fluxion of of, PR) to PN approaches to 
_ anaihgnable ratio as its limit, and PN. is ee as a power 

bf BP, whoſe exponent „ exceeds unit. This aſymptote is de- 
denne — 4s bas a nd in 


EL A 1 | | the 


0 n en 1 


nay be GG to the limit of the area — — en a Jrewing 
El parallel to the baſe, by art. 298: The aſymptote ſometimes 
: coincides with the baſe, as when PR is taken from p towards P 
and _ is equal to Ag. If the * be not ones than 
unit, the ere e parallel to the baſe, by art. 
298. & 325. In the ſame manner it appears, that agree” Goon 
has an ymptote parallel to the ordinates when # is equal to u- 
nit or greater; becauſe, AP being taken towards x) the figure 
Ag may be produced i in ſuch-caſes ell it n * 
Lan by art. 345. | 
8338. Teo les che le part of the. Node on, let 
< KI be the aſymptote of the figure, that is parallel to the baſe 
when # exceeds unit, (by the laſt article;) let KT be taken up 
on CK produced towards O, and let Pn meaſure the fluxion of 
PN, which is ſuppoſed to be reciprocally as a power of B 
whoſe exponent exceeds unit. Then, „ art. 167.) the fluxion 
of the baſe being given, the fluxion of PN is as PN 
and BP inverſely ; and, conſequently, Pr is reciprocally as * 
power of BP whoſe exponent exceeds 2. Therefore; if tf 
tio of Pr (that meaſures the fluxion of PR, or of IR) tc We 2 
quantity that is reciprocally as the ſame power of BP approach 
to an aſſignable ratio, as its limit, the ratio of Pr to PN or of 
the fluxion of IR to the fluxion of PN, and ( IE 328.) the 
ratio of IR to PN, ſhall approach to ſuch a : be» 
cauſe there is a limit which always exceeds ail wt APNF, - 
follows, (by the 27th propoſition, ): that there is likewiſe: 4 limit 
which always exceeds the area aRIK. But if the exponent # 
be not greater than 2, the area aRIK may be produced till it 
exceed any given ſpace, by art. 325. becauſe the ratio of TR to 
a quantity that is reciprocally as a power of BP whole 'expo- 
nent is not greater than unit ſhall approach to an aſſignable ra- 
tio, as its limit, in this caſe. It appears in the fame. manner, 
that if KT be taken towards C and AP towards B,'the area 
aRIK has a limit when is leſs than 2, but has no limit when 
u is equal to 2, or greater. Lo give an example of this pro 
poſition, if the ratio of the fluxion of the ordinate to the fluxi- 
5 P a fraction as was deſcribed | 
in 


beſides: the baſe "Ap and 


605 5525 in — — 28500 l its i ehe 


merator be greater than unit, the figure — an 5 — chat 


is parallel to the baſe, or coincides with it: and if this exceſs 
exceed 2, chere is a limit which the area bounded by the curve 


and rhis afymptote can never amount to; but if the exceſs be 

5 equal to 2. _— lets than 25 that area _— be produces ad ic ex- 
331. 821 The arg parrof his propoſition votiuend: tothe | 
ile of the method of inſiniteſimals, agrees with'the rule that was 


cited in art. 2 99. That when the — is ſuppoſed to be produ- 


_ ect infinitely, and the element of the ordinate becomes an infini- 
E. two degrees beneath the element of the baſe, the figure 


de chat is either parallel to the baſe, or coincides 
. *For, -when the figure is ſuppoſed to be Produced infi- 


"Hitely; the ratio of Pr to EN muſt be ſuppoſed to coincide with 
ts limit; and, ſince PN is reciprocally-as'a/power of B whoſe 


at ib greater than unit, and the fluxion of che ordinate 


PRs dhe 6h f thi baſe as Pr is to DG, if theſe flu- 
ions be repreſented by infinitely ſmall elements of the ordi- 
nate and baſe; theelement wor the: erdinate muſt be tothe ele- 
ment of the baſe as a gj 


13h gh 


is to a quantity: that is ex- 
wer ot the rnfinite: l B whoſe'exponent ex- 


eceds unit. "Phi rule is chiefly of uſe (as the celebrated author 


a obſerves) when the curve is not geometrical, and when AP and 
IR 40 not both enter the quantities that expreſs. the relation 


of their fluxions; for: if mos or any other variable quantity 
powers, enter the value of the flu- 
of © PR, regard muſt: be had to. the 


if, (Or of — 


vatie d chat variable quantity to the baſe AP when it is ſuppo- 
ſed infuite : And in applying this rule, the various orders of in- 
Knites, and infinirefimals, are beſt determined by the powers of 
che baſe, and their e e The continuation of this. rale, 
"oy of chat given in art. 346, will 


8 5 1 en hw +10 3 
part © evo 


e ee TED 


{1 155 nite! ly 


nitely produced, when, the baſe: being | 
lement of the ordinate. Rb ee e . | 
three or more degrees beneath the element of the baſe, Which 
is always ſuppoſed: eee of the firſt order; 15 char 
aren is infinite, hen the element of the ordinate is an infinireſi-⸗ . 
mal of an order that is only two: de grees beneath that ol che e. 

| ; of the baſe. 8 rer 1 £63 07s 51 1 „ n . 


quantity: that meaſures the ſecond fluxion of the ordinate. Z, 
to a quantity that is reciprocally as a power of BP whoſe en- 
ponent is u, 1 to any aſſignable ratio as its limit. Then 

figure has an aſymprote! that is either ohlique to the baſe, 
or parallel to it, or char coincides with it, when # exceeds. 25 
and + ak is a — heels pap bounded 5 n 5 


un * —— ratio, as itz mit; but it . —— 13 
coincides with it, When this limit is not aſſignable. H n bee. 
goals to , or. leſa, the figure has not ſuch an aſymptote; and if 


F 33 3. The fluxion of the baſe: being givenz/ lebendes HW 


Lto 3,0 any; number betwixt 2 and᷑g, che area bound» 7 n, 


| ed by the curve and aſymptote may exceed any limim 
334. In order to comptehend the oontnuation af thoſe theo · 
tems in one view, let. us· call the aſymprete, of. the rf order, 

when it coincides· with the baſe of the ; Of che ſccund ar- 
dier, When, it is a rig ht line parallel to the hes 
der, when it. is a. 9 line oblique to the 25. of che fourth 
arder, — — it is a common parabola that has its axis perpendi- 
cular to the baſe ; and, i in general, of the order r- when. 
abola the ordinate ob which. is alway>-a8.a power: af che 


is a Par 
baſe whoſe exponent. is . Then let Eber the Ordinate of the 
figure, and let its f of any order expre fled hy im (that is. 
its firſt fluxion when m is unit, its ſecond fluxiqn wheme is 2 


and ſo on) be. repreſented by- Pr, the pple che baſe being. 
W 125 PN be be reciprocalh — wn of Bel ex ; 


$%z' = 75 < 
" 7% ty : 


ob ihe third or _ 


gal to unit, or leſs, this area may be produced till it exceed 


| mr cr 


wg Then, if | greater chan 40 the- 
figure ſhall. have: anyalymptote of the order expreſſed by "4-1, 


ct of an order that is expreſſed dy a leſſer number. When the 
enceſs of above m is greater than unit, there is a limit which 
che area bounded by the curve 2 and that aſymptote never 
can amount to, While BP is produced; when that exceſs is 


x 
A A 
2 


wen ſpace: And if 2 be equal to n, the figure has no 
9 Let che figure be now produced on the other 
fide of AF; or Ap be taken from A towards B, and when n is 
equal to m, or greater, the fours: has an aſymptote parallel to 
the ordinates, that p through B; when # is equal to m or 
when the exce ates m is leſs than unit, there is a limit 
Which the area — by the curve and this aſymptote never 
an amount to; When that exceſs is equal to unit, or greater, 
this area may re 0. 
When # is 4 — than m, the > err eee 
B parallel to the ordinats neee 
335. The firſt part of che laſt article, reduced to the. file of 
the method of inſiniteſimals, ſhews, that when BP is ſuppoſed 
to be infimitely, and the — of the ordinate of 
expreſſed by m becomes an infiniteſimal of an order 
that is as many degrees beneath that of the element (or firſt dif- 
ference) of che bale as there are units in zm, then the curve has 
an afymptote of the order expreſſed by I, or of ſome infe- 
rior order; When that 470 3 becomes an infiniteſimal of an 
order that is as mamy degrees beneath that of the element of 
the baſe as there are units in 2 770 the area bounded by the 
curve and aſymptote is finite though f it be produced infinitely; 
but when the order of that difference is onl 2m degrees be⸗ 
neath that of the element of the bhaſe, then the area is infinite : 
And this ſhews the continuation of the rules given by the learned 
author above mentioned! Thus, for example, the baſe: being 
produced infinitely, revel the ſecond difference of the ordinate 
is of an;order:four or more degrees beneath that of the element 
of the baſe, che figure has a rectilineal urs be wm thatis oblique 
ts the bale, or is parallel to it, or coincides with it; 3 is 
2 = | dt 7 


1 
* 


* 


; nth * 8 an ks ae us not Goh many de 


tyo If the ſecond difference of the ordinate is of an order 
| five: or more degrees beneath that of the element of the baſe, 
the area bounded by the curve and aſymptote is finite cg 
produced infinitely ; z but if it is not of an order that is five 


* 


336. ig 40 10 8 from art. 307: & 0 
W e by hyperbolic areas revolving about their af 

E limits, and when they may be produced till they exceed 

given ſolid. If ME be any hyperbola, the ſolid genera- 
: 7 dy APNF has a limit, or not, according as AP is taken up 
on BA produced beyond A, or from A towards B, by art. 3 
and ſince IM the ordinate of the 
ptete KI is reciprocally; as ſome power of Bp, its flunien is 1 


ciprocally as a power of B whoſe: exponent excerds unit, and, 


chat.of the-clewent of the baſe, the curve has RO lr eb 


ath chat of n element of 1 0 the area is in- 


12 ME to its 28 IS 


_ the quare of PN being always as this fincion, (art. 307.) PN 


mob be as ſome power of BP whoſe exponent is greater than 


3. Therefore, when PN is reciprocally as a power of BE whole - | 
exponent, is greater than 3, the ſolid generated by AN about 
BA pro- 
duced beyond A, or from A towards B. When AME is a lo-F 16.114. 

ore; the fluxion of PM is n. 2. 


AP has a limit, or not, according as AP is taken upon 


garithm ic that has BV for its 
reciprocally as BP, and PN is 3 as the power of BP 
whoſe exponent is ; and the ſolid generated by APNF'abont 
AP has no limit in ; either caſe, becauſe the'cylinder "getierated 


by the rectangle ag may exceed any given-ſolid. © When'sMEFro.11 5 


is a parabola that touches BY in L, the fluxion of PM's reci- 
procally as a 8 550 BP whoſe exponent is leſs than unit, 


and PN is reciproca as a power of BH Wboſe exponent is 


leſs than; 1 gary vita avi when AP is taken from N to- 


wards B, "the ſolid generated by -APNF has a limit W Riel it 


can never amount to, viz. the cylinder generated by the rect- 
angle AR about the axis at; but᷑ it may exceed any given ſolid 


when AP is taken on the other fide of A. When PN is Teti-Fre, I 14 


procally as a power of BP whoſe exponent ie any fraction 
| Pen * * un and AP is taken * 


= 


81 


9 ated Seer. 


ok 


= — d 
— rd = ez in 


. en — E. chere is a — which avs: k | 
AN, bat there is none which — exceeds — -folid f ge- 
ner aa by iz ee eee eee led to 
"Ins need infinitelyg a finite area is faid ro gene os infi- 
| mite Loud ln che former caſe,” che fluxions'of the folid and a- 
_ mea; While AP is produced; but the Aluxion of 
be ſolid decrentes faſter, ; and is menſared by a figure which i is to 
: . the folid irained--by the rectangle Pb, char meatures the fl 


Eons eas yok — 27 polio | 
fignres becomes greater than any given ratio; and it is t = 
-!! ares has «'limit/-the {6 

3 may have none. . r has been ſhewi of the ſolid gener 

. Wc by the atea AN, is to be extended to the ſolid geuera- 
died by the area APrg — the ratio of Pr to PN (however 
3 4 variable i it may be) approaches continually to an alſignable ra- 
7 as its 3 while the figures are produced along their 4 


mptotes. And, in ente — was ſhewn of areas, i 
N — — — xceffary- precautions, to (lids. 10 
0 example, the — the: baſe being given, if che ratio of 
* tha fluxiop'of PR ro a quantity hat is rec procally as a power 


of BE whoſe exponent is 2, ach ito an afſignable ratio, as 
its limit, and # exceed 2, chere is a limit which always enceeds 
dhe ſolid generated by the area aRIK about the 5 which 

| is ſuppoſed ro be taken upon BA produced from A 
337. There are ſeveral other methoc 5 by which ic may be dif 
| covered when a figure has an aſymptote, and of what kind ir is. 
MWben the value of the ordinate is reſolved into a ſeries that 


> ab | converges the — the greater the bale is, the afymptore ma 
| Y 
9 daerermme. from che kit terms of the leries When they Tack 

= HE 27 y 1 


5 »h "end, it 7 3 obyions gi" 


| ſubs a5 remain * | 
1 55 begeht rhe . and . 
5 3 biss Ab ech continually to à finite right line, as its | 


ile the branch of the cure is produced, and the baſe (or = 
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diere) may inoreaſe till ir excecd any, given right. line, E 


is obvious that the figure muſt have a Te line r its afym- 
Ptote, . ee eee of the 
abſciſs equal to that limit, by art. 31 4: 0 e curve _ 

comm bola for its aſymptote, Rep of the ſubtangent 

a 1 meek pproaches 2 to that of 2 to i, W 
tte axis e nel coincides with the baſe; but to chat of 
_ 1,19: when the. axis is perpendicular to-the haſe: and by ob- 
ſerving the limit to Which the ratio of the ſubtangent and Gi 


3 parabolic, aſymptotes, of various kinds, ma 


e of AF, this ratio decreaſes and may e leſs than any 
given ratio, and no parabolic figure can be its 


* If SP perpendicular from a given point 415 8 LP che Fro. ner. 


range of the curve LB A 9978575 1 continually in poſition and. 
nitude to any aſh ab line, and SL may increafe | 

0 obe e curve BL muſt m2 logs recti- 
| lineal: aſym If ST, which is perpendicular on PT the 


rangent of | + curve DP Land! is a third proportional to SL. and 
fame manner to 4 finite right line, te 


 SP,) approach in che 
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| Seck When the Togarithmic NF is continued on 3 otherFro. 116. 


curve DP has a right line, and BL a common parabola, tories 
aſymptote. If SK perpendicular on TK approach thus to an al.. 


ſignable Umit, the curve GT has a right line, DP a mmon 1 


rabola, and BL a ſemicubical parabola, for their aſymptotes. 


In general, when SI. may be increaſed without end, if che ra-. 
tio of SL to a right line that is as any power of SP whoſe expo- A 

nent is greater than unit, approach te an aſſignable ratio, as its li- 

mir, a parabola, the ordinate of which is always as the ſame power 


of the abſciſs, ma * be the aſymptote of the curve BL; but if the 
ratio of SL to 8 


approach to ſuch. a limit, the figure has unos 

reſdtilineal or parabolic aſymprote. In the ſame manner, if the 
ratio of the fluxion of the angle ASP to the fluxion of the angle 

ASL approach to the ratio of any number in to a greater num- 
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7 18 always: to the fluxion of the area L APE; 4 in a leſs Fa- 


| 88 att the circumference of 4 circle-is to its radius; and 


.. of that ſurface to the area APrg is always leſs than this.” - 1 -- 988 
exceeds the area 1: 


5 But if there is a limit which always 
Apr, there is like wiſe a limit which always exceeds the irea 


AP, becauſe the ordinates PN, Pr are ſuppoſed to be to each 


other in an invariable ratio; and therefore there is alſo a limit 


_ which alws s exceeds the ſurface generated by the curre FN a- 
bout AP. Thus it appears, 0 exprelF the pro 
more uſuel Germ; that when the Hgure is to be 
ced infinitely, and to tevolve'about its afywprore, rhe furſace 
generated by the curve is finite or infinite according as che aren 
of the figure is finſte or infinite; 4s his been obſerved” by Mr. 
Cores; Tf the figure, for ext ample, is that of the logarithmic, 
and AP be the ote; er E tools,” > oe. 
Uinate PN be reciprocaMy as any power « B whoſe e | 
exceeds unit: there is ys! limie 'which'execedsthe 


generated by the curve about the afyriiprote AP; when Af is 


taken upon BA produced beyond A: Bur when AP is taken from 
Atewards B, the farface generated by EN may exceed any 
given ſpace, as might n om prop. 27. 
%. As a curve may approach” to 4 tight; 7 
white 4 y are both produced, and never meer ir, Wa ſpirat / 
line may approach continually to a certain point,' and not Teach = 
It in any number of revolutions how foever that can be aK 


great 
ſigned.” Let a circle be defcribed from the center 8 with a Sir 
| 114. 


dies 8h equal to AF in fig. 114. let Þ be a point given in he 
circumference of this circle; let the arch Þ be always 2 op 0 
che baſe AP, and Sr be taken ori the ra Sy alwa al to 
the ordinate PN; and, fince RP is ſuppo ck to be the aly . 
| SE the fab APNE, it) is ee that the ch — © 
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115 Te ne in art 3 97. "Ghz / Uþþ0, 74, let 
. ©. the arch br be always equal to AP, and Sm.equal to 
5 pre. 142. 

K 11 "= PN and the ſpiral area Shm ſhall be always to the 

EE, ws reffangle 4 ii the invariable ratio ces #a 5 Foe 

eren of the circle br bet, 


what was n art. 00. i JIG of 7 "XR is to 
1 is to the fluxion of AP; 
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By 
the uare of DG as the fluxion o 
r (i arallel to the baſe be equal to DG, and It parallel 5 
"=  ordinates meer. the tangent, Mt in f), as It is to M or 
DC e e eee ual to the gectangle 
contained b DG and r. The fluxion of the ſpiral. + Sm | 
80 8 80 flux ion of che ſector Shr (by prop..5.)-as the ſquare of 
> . The fluxion of the baſe AP, or of 
the arch hr, being meaſur 2 wp yas of the ſector 
. Shy. is mealured. 8 . — ained by 86 
and DG, and is to the fluxion of the rec 1 (Which is 
meaſured by the x: contained by. au, or DG, and ) as 
S5 is to. 2/t. Therefore the fluxion of the ſpiral area Shm is 
do the fluxion of the rectangle ag as the ſquare of Sm, (or of 
EN,), or the rectangle contained 1 5 D and It, is to the. rect- 
angle contained, by Sh and 2½; that. is, as. DG. is to 28% or 
: and, chia ratio being invariable, it =p" ruli that the ſpi- 
il area Shmjoto.the rectangle a as PG is to Hb the diame- 
75 der of:the circle brH. This propoſition obtains, whether AP 
OTE and KI. be aſymptotes of the curves FN, aM or not; it is ſufe 
* ficient that the ſquare of PN be to the ſquare of DG. as.the. flu= 
N 3 n of PM is to the fluxion of AP, W 


n and that PM. Sher in paß or dh decreaſe 
f oontinuall Wes, 2 
„ LAN 1. Becauſe the ſeftor Shy f is equal to I e 
the r 7935 e FP, it follows, that the e is to the 
the {olid contained, by ag and DG to the 


the fl gon- 


 _rainedbyFP. and Sh, or AE, and 9 — as the cyli " 
ns nerated ny ag about ax, or che TT generated * APNF-abour 
KT 13 2 : | 1 FO... : | P Cole 


a to 5 » | IN} 
Nis right Iine, path: is tk of Archi Honky 
is to the ſector Sig as the 2 ß a Cone Renefutsd by-t -.. 
trapezium APNR about the axis A is ith the eylinder genen 
ted by the rectangle FP about che fame axis 4 and if Sy be the ; 
tangent of the ſpiral at 8, the ſpiral; area/Swrmb ſhalt he ro the 
_ ſector Shy eee vas he wn after RfeninzbEs 
in ae i 26 116.4 God Tod gay ein 76 ACA een 

343. Cox. Il;;Wiken-there ig A limit which always exceddb 
us ſolid generated by the area APNF about RP, there is likes 
wiſe a limit which always exceeds the ſpiral area Sm g | 
ted by the ray S While it revolves about 83 and chis/limit is 5 
to tha gectangle ad a DG is 10 Hir 'Buvif the ſolid #1 p 
_ by:the area NF uped may ended ny gveh. 1olid; the 
area that is generated by: Sm. — * 
ally abour 8, may likewiſs exceed any given ſpace. In the fame 
manner; 85 1 to AK, if * be always equal to ap; 
and Sn to pM, the area generatedin this caſe by vm ſhall 5 | 
/ 2 limit, or not, according as the ſolid generated aden alt 5 
aMIK about the axis ap has a limic, or ma bs-produced till . 
exceed any given ſolid: And in thiscaſs che cel rl the 4 ; 

” F ptote of the ſpiral. If Sm be always equal to PZ in fg. 140 

the ſpiral of Archimedes is the aſymptote of the ſpirul bm wad. 41.18 
8 wie mere be carried further by art. 334. Wein 2/9 1 99 a. 

344 Cor. III. Let FNe be; a common tiyperbo bind. 143. 
1 BC irs aſymptotes, and hin ſnall be the curve that is exalted the & 1 Ds | 

reciprocal or hyperbolic- ſpiral ; let the arch - be equal to BA, 
Join 85, letacircle deſcribed from the center 8 through! #7 meer 

86 in o, and the arch mo ſhall be of anrinvariableimagoitude* 

: Fog lh ca = nes Bb — pp ce APs 4 

N > 8 ther neg rotBA. - eiſpiral- res Suh 0 

5 rectangle | —— aid therefore in t 
5 c is equal * — half 3 — BX 
os ce are of. 3 3 er _— $6 andthe 
Limit ot this area is equal 206 Let SF. pe 
_ Uicular to Sm meet the tangent of the ſpiral ici % eee 
de of an invariable; magnitiide equatzro b, rA j becauſe S 
is to oy in the ratio „„ _ that of t „ Sm 
47 4 Ip to 


1 tain frat) aedofeboryticofths 


8 $1 agi G AF! Ib N, os of FHN (or ol 5 to 
: I * al parallel xo SU, at a di- 


e fame gde ch b from 6, 
8 3 : 1 e 1 of zhis ſpinal gontinngd without thei circle bh. 
Ap rw Wk nnn, 


— 3 he! Leng of ©: the 
Cat. — —.— — alWays 


be Hexion —— = aa ton the — the: ry Sp 


2 1 (or. KT is toithe ray Sp, and there- 
ac 3p deceeoes fare white W. e 115 


5 Increaſes. ley = int 55 
=” eden in de dies mad 20 Sr: ag rhe given arch bh . | 
8 ularon Sm equal to che 

15 invariable, ie 8 T5, or te the arch 4% joining F and drawing 


: 1 7 Or, let a circle ku be deſcri- 


bed with the radius I equab co · ST. and let r meet the tan- 
er Sent be in and the eixcletio u; let a be perpendicular on Sk 

42 58 . 3.806; if the arch iy be equal to the exceſs of the tangent ks 
above the arch ks, and dn be taken eee ke rs Sx; 
ini of aj 4, — piral. A con- 


aca gs 450% All — — che ratib of the 
the ure to the fluxion of the ray from 8, is the ſame 

2 ie; ſome pomtrof che given line $5 to the fame power 
chat ray, are conſtructed from this ſpiral by taking the angle 
g 40 (Spas unit is te che enponent of W powes; and 84 fo 
man the ratio of the ame n "ay de chat of 

2 95h; for 4 hall be ound uk «Spin. ono oi 
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e and 12 r 
Lg of the ſum ol Pr and Pry 
; monty, ens rea Take oe 
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| e 
res AFNF in the eweis nc it 9 8 
> : 5 the area APry : 9 there 75 
Ns ; | 
1 — 12 i ee e ee ee 
8 „ 347; Conde This c rding- „ 
. 1 hen the ſig — | is s produced. inf. 
| 8 ; 2 = * ; oy ; 
5 — ; : » . 5 0 7 q 
* the po be length f, cheApiralis 
2 {xe k " vo . 
8 G an the area] APNF- is finite ot ĩnfi- 


ene, eee nem it is one of tlie pa- 


. 


8 der ic ſhall-never-amount-t6 a ren line 2 

. 348, Con, II. If the ray Sm be recipro 1 DJ 
5 he arch 7 whoſe exponene exceeds — if che ratio of S 

| NEE Bus is PFOCs eee ee 

"a 8. a certain rare eo pate che leggth of = |! 

ſpiral n. But if Sen be retiprocally 48 à power of the arch 

A whoſe exponent is equal to unit, or leſs, eee * 

4 a rl mhiciexceed-anygiven line 

- - *2;349- Cox. III. When FNe as the logarithi cr cores 

 . Exeales; proportional, while br increaſes er the flu. 

f | PN) is to the fluxion of br: (or Ab) as Sm is to 

edc that is equal to the ſubtangent of the lo- 


arithmic. 


n S aeg de ic of eee 5 
is to and, Sun being ta ST in the fame ratio, the angle t 
0 5 Pere ebe e of the 2 N 
| Anzicn,ofemcin the/invariable ratio of T to S; and if n per- 
dicular'to Sr meet Tm produced in t; the pir Ane bm thall 
4 = het fight line mn; and T is the limit k Which the 
ine produced from m continually approaches 3 | 
| EXT C 70 a given Fins, Di bes; ſo n Tots 
of fractions which may bs continned ax pleaſure, and yet the 
ſum of the terms be always leſs than a certain finite number. 
If che difference betwixt their ſum 3 5 
ſuch a manner, that by  coneinuing progreſfon it ma be- 8 
come TS rpms how finale loeverthat ae | 


| ty. ſe Ii hs are Bo = — 
| — —— Dn | 
_ ro illuſtrate each other mutually. The areas Fs i Cannot 
be expreſſed in many caſes but by ſuch ns z and when 
the limits of figures are known, they may be ome! 
with advantage for approximating e CP corned certain pro- 
greſſions. eee e 22 Gro: 146. 
cp ON BE, CK, Hl., S. chat ftand upon the baſe 
at equal diſtances; and let PN eee 
paſſes t pendicu 
Suppoſe AP to be produced; and according as the area APNF 
has a limit which it never amounts to, or may be produced till! 
ir exceed-any given ſpace, there is a limit which the ſum of the | > 
mer never amounts to, or it may be continued till its 
ſum exceed any given number. For let the rectangies FB, a 
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been e W ,) as the fluxion'of DE is GEN, Bar che er 

ol SE is equal te the ffuxlon of DE. -!Therefvre the fl duden of 

=, 385 Cos HL Let 8 be a given point in the Ine Du a8 ill 

the laſt article, EV and EM any Iines through E that me 
PN. parallel to, SD in Wand M; 2 rallel- 3 nie 
pM in p, join SV and SM; ud the difference of t G nd 
fluxions of SM and pM thatl be equal to che difference of the 
ſecond fluxions of SV and pV wheel: K. and V comé co E. 

For, the difference of the ſquares of SVcatid p is equal to tlie 


diſiremee of the ſquares/of SN and pM : from Which it fel: 


4 3222 f ee eee, 99.) chat, fince ths: _ flaxiotis-of SV 
7 Ss TA firſt. Alixions- of SM and pM 
become — — IIb " when: V and M come ro E, and oY 


* SM, DM then eoincide with ench other, the difference ons 


the ſecond fluxions' of SM and pM is to the difference of t 
ſecond Aiixions i of S and pV at that term, as the ſum < 
each p de t e ſum of SM and N, and therefore in 


ratio obe quality. When the baſe flows umformly, and EV is a 
tight tins} the ſecond fluxion of PV vaniſhes; deren the 


ſecond gunion df SV is in this caſe the ſame es V/fets our 
from E in any-tight line thar does not coiheide wirh ES, and 
is equal to tlie diffcrence of che ſecond Adxions ef SM an 

2M ar the ſame term, whatever curve be deſeribed by the poine 
M. When EV is a ciecle chat has its center in 8, the ſecond 
fluxion of the ordinate” PV is equal to the ſame difference of 
the ſecond fluxions of SM and pM, when M comes to E, be- 
eauſe in this caſe 8 V has no fluxions of any order whatſbeber:? 


And if Eu any right line through E given in poſition eee | 


PV in u, the ſecond: fluxionof 8a hall be equal to the ſecond 
fluxion of PV, the ordinate from the circle, when V and 
eome to E. It appears likewiſe, that the ſecond fluxion of SM 
is the ſame 'when'M.comesto:E in all lines that have the ſame 
curvature at E, and is meaſured by the Aifferenee bet wink 
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A BC is 0 fo, by op. „Let er be ia parsbols: that has 
1 2 ature With at en and the redtangle contained 
: equal to the area of, 28 in:art,.383. 
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meer. $angent 
. nam gran 
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At: 255- But, ſinee Em is to TR „ ie dern | 
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8 hy and E; con vently,:the ifluxion of ſo i is co 
e t Tt, and the fluxi n of the ray of curvature 
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_ EK iglowstharthefluxion of the r eee ee 
three halves of . the fluxion of rve being meaſured by 

E N and chat the variation of curvature, according to 
Six Isa NWw]Ton, (who meaſures it by the ratio of the flu- 


t Bk. A ig. Then, 


1 Vun of che ay of ere 10: che fluxion of the eurve/) is 


mealured: by: halves of the tangent of the angle QB7 in 

Which che curve 1 circle of curvature, as was 

dcdhſered in art. 369. But, ſince the curvature itſelf is recipro- 
A asthe ray of che circle of curvature, if we ſhould therefore 
i neee — 2 — fluxion of 
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rion of the ordinate DE vamrthes: and (p- vided the curve 
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B les fot ave. 20K & 208. far 3 ol che angy- VP 
lar motion of the tangent of Hm (or of '9K 3; Mev S) whe | 
m m ſets out from E, is the fame when the PLint'n"defſeribes any 
curve that has the ſame tangent at e, or when m deſcribes any 
line char has the fame tatigent arid curvarire at E, the fluxion 
of AD being given. Therefore the angular velocity of the 
1 of EM at E is equal 8 of che 
tangent of the circle. of curva of the; ray of curvature 
about the center the fluxion eing given, becauſe the ie | 
velocity of the tangent. of a Ale is dual to the angu- 
lar velocity of che ray drawn from the center to che point of 4 
contact, by art. 18. In like manner, if B be any bete inthe Fre. 16. + . i 
circle of eurvature, and the right Hines EN, BM. e abour - 
E and B ſo that theix interſection M deſcribe the curve HME, 
the/ungular-eloeities/of EN aid "BM hall be 6qual when 
comes to E. For, ſuppoſe the arch ER of the circle'of cor " 
tre to be within EM che arch of the curve EMH; and, if che 
n of EM #beut E fiid to de derer ans 
eloci of rf bod B Bat the termsWhelt! MF contest 
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; 3 Lei) be 5 
| wcle of the ſame porvature- with 1 (che line Jr | 
by ery ton) ac then ſhall 8 age aPM be in con- 
* rinued proportion. For, ber PT beet ie tan wgenr of Dr e Þ and 


PM meet 1.0 it K; 


. 2 be always perpendicu 
chen, becauſe che angles SP T. 
and 24 K K , hs angles 
circle oalles chro gh rhe four points | 
KST is right.” The 6, by this ; 
or SL, as the angular veloa of Sf is do the angular 
of ST, or as che fluxion ot the angle ee 
ASP — ASL, becanſe the angles PST, LST are, always eq 
But SL is to LI (or 2L. C) as the flunion of A8 is to the flu- 
Lion of ASE; Therefore PM is to L. as' 8L. is co J"or 
8 8 SL and 2PM. Are. nne portion. | 
ir velocity of SP: in any variable ratio, 
or LI 40 L, in che ſame inväxiable rio 
8 common parabola, and N is the vertex, 55 
481. is double of ASP and LI is double 
| with what was'thewn'in art. 371. When”, 
mic ſpiral, and 8 is the center of ti 
city of 85 898 angular 4 becauſe the 
-LSP- 3 refore, c Ae S oitei 
with V, or I wich 8 a perpenciculat to to'SLoat 8 aten 
Te 6 curvature- | 


San e 2 Wot the perpendicular SP, n lar 

velocity of SL, By he was ſThewn-at the end of a1 5) = 
and Lis equal to LV; or LI to ILS; but they are on © 9 2 

Aces of che point L. When the rely of SL in is to 

the angular velocity of SP in an iavariable/ ratio, the angular 

Velociries of Sf and ST are likewiſe in an invariable ratio; 

and PM is to PK, or SL, in che ſame ratio. For example, 

when XL. is a circle, and $ is in the Tircumference, PM is two 

thirds of SL. In this caſe P is in an epicycloid that is deſcri- 

bed by a point in che circumference of a cixele while it revolves 

bn an equal circle; and NM is in an epicyeloid of the ſame kind. 

Fre. 171. ag = III. Let AE be a right Iins given in poſition, 

8A perpendicular to it in A from the given point 8; and let 

2 other right line from 8 meet it in 3 let the angle ASL 

always to the angle ASM in any inyariable ratio expreſſed. 

+» Hart of A to unit; and, SA, SM being the two firſt terms 

oa geometries progreſſion, let SL be equal to the term of this 

1 wank place in the ſeries is denoted by #+ 1; 

more generally, let SL be to SA as the power of SM, whoſe 

_ axponent' is any poſitive number , is to the ſame power of SA. : 

then the angle SL ede by SL and the tangent at L) 

hall be equal to the angle SMA; he ray of curvature. LC ſhall 

Her ILV as n is to nv; -and, if SB be to SA as 1 is to 

2 I, the variation of curvature at L ſhall be as AM direQtly 

and as SB, 3 For, let circles deſeribed from t 

. R meet SA in F and /; and, che points F. f 

7. emajnig de er while 'M and Lare ſuppoſed to proceed:in the 

Boes AM and AL, che fluxion of che ach BM. be to the 

fluxion of Lin the ratio compourided, of chat of SM toi SL 

and chat of che fluxion ef the angle! ASM to the fluxion of 

IL. (or of unit to #)-4heflizion of SM.is eee a 

„ 1n- the fame ratio, art. 167. que 

_ of SL. is to the fluxion of SM 2 fluxion « 
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_—_ * 


3 {IS | 2 * 2 . 5 : 
I 0 iy 
* 1 7 : 7 5 . * Nr | 
E ng = . 
4 8 
4 38 


5 3h, COT 1 75 8155 23 
xf S. whole exponent. 2.45 


Ws 70 the fame power br; und the furion df sI. is td the 
flunion of the curve AL as 1516 to SL; o AM tO SM. Th 
ote the fluxion of the ray of curvature LC is to the fluxion 
the curve AL as AM is to 8B; and the variation of curvature = 
las it is underftood by Sir 1440 NewTon; and wasexplained „ 
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variation of curvarure at L in any-giveri figure of this kind is'as ' 
the tangent of the angle corel oo SL and the perpendicular | 
to the curve, and in any of thoſe figures is to che Variation at 
the point in the parole where the Aght line fromthe focus in- "o 


terſects the curve in an angle equal 0 SEP, as S is to _ +. 
In the logarich ie ſpiral AL the fluxionof the Ta of cutvatureFrc. 170. 5 
is to the uxion of the curve as SC is c SL. or EP io SPY — 
and, conſequently, in the invariable ratio of the tangent of the | 
22 nt to the Apo Therefore _ lende Been e 1 
tis 18 inva as appears Art. 370 | 2 „ 
and is en of A 1 at the point of a peel „ 
where the right line from the focus — "the Curve 1 in an 
gs Gon. the given angle SL as 1 is to 32 . 8 
ahem IV. It we ſubſtitute a ſemicircle'AMS in the aceFre, „17. e 
ght line AE in the conſtruction of the laſt it NE 
vil wa os in the ſame manner that the angle LS is equal ro „ 
ASM, (SP being now the ſame way from SL L that SM is from __- 
8A, 'thar the ray of curvature LC is to LV as n is to n 1 
and that (SM being produced till it meet Am perpendicular to 2 
SA in m and 8B being taken to SA as 2 + 1 is to 25 F 
the variation of curvature at any poitit' L is as Am directiy and Ne: = 
SB inverſely,” and in any given figure of this kind/tsas'AMor —  _ 
the tangent contained by SL and the perpendicular to the curve. | 
394- Cos. V. If any curve AM be ſubſtituted for the ght ie 6. s. 
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Join EM ad SM. and — 0 the e M. in deſeri- 
Lung the curve MEH, comes t E, let the 3 
velocity of SM about 8 be to the an e velocity 0 

EM ft E ar ET i #0 SF, the point T 


taten upon SE produced, or between 8 2 E, ac- 


5 _ cording as the angular motions of SM and EM at 
rat term have the [ame or contrary directions; 
© Phen, 4 4 ST, SE and SB be in continued Proportion, 
and B be taken upon SE du the ſame ſide of the point 
8 with T, IDE: eirele Ly cur ua ure at * Wen paſs 
through B. 


For, fince SB is to SE 4 SEi eel 4 BE is to SE as ET 


1 y of EM about E at the term when M comes to 
E, by the 
SM . des 8 be to the angular velocity of BM Cas B, 
when M comes to E, as BE is to SE, by art. 209. Therefore 
the angular velocity of EM about E is equal to the angular ve- 
3 irs of BM about. B ar thar len; and, by art- 388. the 
circle of the ſame curvature with EM at E paſſes through B. 


The concavity or convexity. of the arch EM is towards S, ac 
cording as the angular motions of SM, and. BM have the ſame 5 


or contrary. directions while M comes to E in deſcribing ME. -. 


397. Cor. I. Let the invariable angles DEG, KSH revolve Fic. A 


abour the poles E and S-after the fame manner as in 2 
Let N the interſection of SK and ED move in any: line 5 


and M the interſection of SH and EG deſeribe the curve KM. 


When, SH coincides with SE, let N come to . EG to; E. 
and let the right line As touch Ef in ; make the angle EsT 
equal te: Sa A the contrary way. from Ex. chat Sad is from - Sw; 


take SR from S towards. T upon. S T a, third proportional to- 


8T. e and a circle deſer EB ſoras to- 


eue dhe che 


135 worn or as the angular velocity of SM about S to the an- 
oſiti tion. Join and the angular velocity af © 


touch. 


105 5 1 4 given po oint in the plane of the curve HEM, Fre. 174 


EY 
: 


"a We be the circle of the ſame curvature ich EM; at E. 
The curvature at 8 is determined in the ſame manner; and, if 
an SK touch the curve Ef at u when EG coincides with ES, then 5 
8 mall be a point of 'contrary flexure in the curve EMS; and, 
if basta continued curvatüre at , the curvature of EMS a 
| S:ſhallbeleks than chat of any circle. * When'the tight line 88 
1 of EH at's, and Ff has a continued curva- 
anni 
e de paſe that it is required to deſcribe a conic 
Dro. R. II. £ E at it is req to deſcxi a coric 
2 through hs ee S and M, chat ſhall touch a given 
e t line Fe: at E fo that the circle of curvature-at E ſhall meet 
we] 8k Det SA be taken from 8 the ſame way with SB, fo 
| eB SEAS, may bein continued 5 rtion; letthe angle 
_ _  SEp revolve about E; and, when rhe fide comes to EM, and 
ES to Ea, let SM interſect Ea in N, join AN; ler the ght line | 
MN reyolve about the. point 8, and its interſection Wirh the 


1 ” dae EN move over the fight line AN, then ſhall its interſecti- 


1 eee "400 Cos IV. The five p 


on With the other fide EM deſcribe the conic ſection required. 
rum Cos. III. In che fame manner, if it is required to de- 
ſenbe a line of the third order through the double point 8, the 
- three points M, C and K ſo as to touch Eg in E, and EB che 
chord che eirele of curvature at E be given; Ke the point A 
de determined as in the aft problem; let the angle 8E reyolve 
_ abour E and a right line about 'S, in che ſame manner; 
ind three points N, c and þ Trek M, C and K'as N was 7255 
from M in the laſt Problem, deſcribe a conic ſection through 8, 
Ne and k; and, if che interſection N move always in this 
Cone action. M mall deſeribe the linie of the third örder re- 
81 quired; If it be required that the Hine ſhall haye a point of con- 
keep flexure at E, the conic ſection i is ro be deſcribe d through 
and e was td touch SE ar 8,” - 
8 ints A; Beg and Ee 
iQ on being g Wen, let it belr 1 to determine tlie circle 
WE ER vature/ar C Determine the points D, 4, 5 and the tan- 
. bert Arr. 34 make rhe ls? Par equal to 8A the 
l way from Dy that & is from Sh and let gr meet SD 
in 1 75 make te PO Das equal to CR "with 25 like 3 


{is OW: + "Fd. 


4 ory we} dier eee cb n join rx, and let it meet C 15 


ning the curvat e apa Vs from this 
ſition, analo to choſe by w the tangents and 
8 wr otes of RG determined in the laſt c 
d 


deen thn raed by mw JAG 1 Enumer. linear. tertii or 
init. 


1 2 


two tangents AQ, AS. can be drawn. to the curve in 


and S5 from any point in che curve, as F dra right lines to to. 


C and S that meet the curve again in M and N,  relped 
join N and SM, and the. Qtion of thele lines 
F ON 18 SM be pai TEAS 
the be paralle tothe tote o an lic branc 

_ or wall ſhew the poſition W the t⸗ 5 75 3 


ther in the curve either at a finite or at an infinite diſtance: 


And if two other tangents Ac, can be drawn from the fame 


hapter. - But, ine. 
of intiſting on theſe, it will be more worth while ro add _ 
opert of the lines of the thizxd/order'torhoſe that have 


lel to each other, : 


tangent of a parabolic . 
branch continually approaches while the figure is produced; 
that is, according to che uſual tile, t they mall tmerſe@ each o- 


; ler r SC and SB be in continued proportion, and - N 
=_— Sas Thoonrchebme fide of 8: e 
bed upon the chord CB ſo as to touch Cn ſhall be the cirele of 
5 curratare at C., There ariſe various Conſtructions for determi- 
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8 Let A be any point in — — 5 25 thin 1 fromPre. 


point A ko the curve in and the Tight lines chat join any of | 


dhe points of contact S, of and e e be 

tie cure. We may en irs „ With. its conſequen 

des, more fally on another occaſion, an bew how « hp of. 
the third order (whether ir have a double point, or not): can be 


deſcribed through ſeven points ſo as to touch co right lines gis 


ven in poſition ut co. of thoſe points; and ſliall only obſerve 


further, to illuſtrate chis property; that it holds of any conic ſe- 
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i ction and right line deſeribed in the ſame plane: for it CA and , N 


SA touch a conic ſection in & and 8, and from any poine: P the 
right lines PC, PS be drawn that meet the' conic ſection in M 
and N; then N and SM ſhall always interſect each other i in 


ſome point of the right line AP. Of this ſee Mi, SSN 
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- . is qua to ch fam of the arch AM bs „ - 
its right” fine M 2. The tangent of the cycloid at C is 1 1 
rallel to the chord AM. For, let O be the center of — — . — 
micitele AMB, er OM; and, ſince the tangent of the cire te 
at M is perpendicular te OM, ir follows from the fourteenth „ =, 


propoſitions that the rn of the ach AM is to the fl 1 
Lion of AP as OM is to PM, and the fluxion of Mt AP + © 
as OP is to PM; conſequentl the fluxion of C (which is | 

equal to the ſum of AM and PM) is to the fluxion „„ 


Bp is to PM, or PM to AP: therefore (by prop. 14. che 8 
gent of the cycloid at C is parallel to the chord AN T6 va 
ER parallel to BA' meer Ah parallel to BI in R; ain Ster — - - 


fluxion of AR (or PC) is to the fluxion of AP j 
AP, or CR, the fluxion of the area ACR is was ᷣͤ 
xion of the area AxMP; by art. 11 1. Therefore theſe ateas 
are always equal, and the area AClb is equal to the ſemicirele. 
_ A&MBA.,”” The right line Bl is equal to the ſemicircumferencs  _ Po 
AMB; conſequently, the parallelogram BY i is quadruple of the ee 
; ſemicircle} and the area ACIB'is'triple of it. 4. The arch o “ 
the cycloid AC is double of AM the chord of the arch AM. 

6 fn e en of the 1 r eee e 3ͤͥZ ́ꝙ 
is to AP, by prop. 14. e ſecond: property. "The: _ *Y 
lines AB, AM, Af are in continued pro 40 ion; con —4 — 

(by art. 96. or 142.) the fluxion of the chord AM is to che flu- | | 
xion of AP as AM is to 2AP. Therefore the fluxion'of the 
curve AC is to the fluxion of che chord AM 28 2A 5 ig to Ab, . 3 
or as 4 is to 1; and the arch A is to the chord AM in the 8 5 8 
fame ratio, by art. 33. ſo that the ſemicycloid Mem ger = JT 
| of AB'the diameter of the generating circle 
406. Hence, 5. the cutve AE deſcribed: by Ss evolution 

| of the ſemicyeloid ACI is an equal, ſemicycloid.” For, 

2 . take ha equal ro BA, Aeſeribe che femici 7 
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is.#.is-to the ſame power of SA: The demonſtration is Fader 
Fs 1 in the laſt article. When the gentripetal force is reci- 
as the fourth power of the diſtance, m is equal to 4; 
and proces the velocity of the projection be to the velocity in a cirele 
at the ſame diſtance as the ſquare root of 2 is to the ſquare ot 
of 3, then #. is equal to 2, the angle ASL is double of ASM, ES. 
the right lines SA, SM. and SL are in continued proportion, and 
che trajectory AL, is an epicycloid that is deſcribed by a Holy £ 
in the circumference of a circle while it reyolves upon an equal 
circle, as We have ſhewn elſewhere. When m is equal to. 35, 
2 i to n — 1 as 1 to 2; and if the Teeny of the projection 
be to the velocity in the circle as 1 to the quare root of a, 3 
is equal to unit, and the ſemicircle itſelf is the trajectory. When 
m is equal to 7, 2 is to W—1 as 1 to 35 an N 3 
of the projection be to the velocity in the cirele as 1 to 1 
ſquare rot of 1. „ ſhall be equal to 3, or ASL ſhall be one 
half of ASM, SL. ſhall be a mean proportional bet iat SA and 
SM, aud the! trajectory is the ſame figure that is called che 
| Ienniſcata by the celebrated Mr. BzznovuLLr. It is manifeſt, - 
that the body falls always into the center S in a number of re- 


ne from the apſis A. denoted by 20 or by. 2 2% if the fra- 
Gion — - be equal to the exceſs of m above 3. Thus, if bb 


equal to 3 7563 an thevelociry of Proj jeQtion at A be to the ve- 
- locity in the cirdle at A in the ſubduplicate ratio of 200 50 ar, ; 
the body will fall into the center after 50 revolutions; and be 
number of ſuch revolutions is inverſely as the excels-of i above / 
3. The ſame conſtructions of the trajectories in this and the” 
preceeding ene e Siren Jong ago, Deferips.. ctw. Jar: 2. 
= Wheo mM 0 a to 6 the velocity if this PIC 
Aion'is equal to the velocity by which a cirele is deſcribed aʒt 
the hank diſtance with the lame centripetal force, the angular 
velocity of SE is equal to the angular velocity of SP; there- "T1 
fore the angles ESP, SPE are invariable, and che trajeQory i oP 
the 5 fpiral ! in which the body will approach to the . 
center 8, or rede from it, according as the direction of the 
2 LT 2 pro- 
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to be projecte 


* a cequire y this centrifugal for 

or that is to the velocity in a circle deſcribed. at the fame di- 

Rance by a centripetal force equal to this centrifugal force in 

3 the Tubduplicate ratio. of 2 to 1 — m, the trajectory will be 
*. * _conllructed by the right line AM in the ſame manner as in art. 

436. only, in this 1 n is a fraction that is to unit as 2 is to 

. Thus, if the centrifugal force be invariable, and the 
: ratio of. theſe velocities be that of the ſquare root of 2 to uit, 

"the texjedtory will be conſtratted by taking the angle ASL al- 

Ways equal to two thirds of the angle ASM and SL equal to 

the firſt of two mean proportionals betwixt SM and SA; for in 

this caſe # is to unit as 2 is to 3. If the centrifugal force be 

A the diſtance, u is equal to 2, ASL is one half of ASM, SL 

is a mean proportional betwixt SM and SA, and the trajectory 

_ as, an equilateral hyperbola, that has its center in S. In all 

J has an afymptore that paſſe through 
Se ee with SA an angle which, is to a right one as 


"440. It may be of uſe, to avoid miſtakes that may ariſe in 
_ enquiries of this kind, and in other caſes where ſecond fluxions 
_ are introduced, to reflect here on what was ſhewn concerning 

. theſe fluxions above, in art. 74. 97. and in ſeveral other places. 
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Fre. thi. The cenirripetal force in the cave AEM at E is moſt com- 
. *=*” monly mealured by TM the ſubtenſe of the angle of contact 
t E when the tangent ET is ſuppoſed: to be diminiſhed infi- 
A che citne in which the arch EM is deſcribed being gi. 
Yen; that is, by Tr when ET which repreſents the velocity 
ck @ finite magnicade. (4s we always fuppoſe it) and 
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ola of the ſame curvature at E with AEM.: began 
1 y y. the gra! 
at 1 uniforml y, in the ſame time chat the body wo would 
deſcribe ET. by its motion at E continued-unitormly-in the tan 
gent. If cherefore we ſuppoſe QN. (which repreſents the gen- 
; 8 force at the 3 555 SD or SE) to be 2 to Tr, the 
10 uare of the velocity at E will be repreſented by the rectangle 
contained by EB (or 2E>) and MN, becaule the * 3 of ET 
is equal to op. rectangle containe by. EB and Tr. And, fince 
_ the ſquare of the velocity that is acquired by falling through | 
Eb with the ſame gravity: QN. continued pos pe ot 18 repre- 
ſented by twice the rectangle contained by Eb — QN, * 
454), it ſhould. follow, that the velocity in the curve at 
equal to the velocity that would be acquired in falling,through 
E by, the gravity, at E, continued uniformly; whereas. it — 
been thewn, (art. 433 .). chat theſe yelocities are not equal, hut 
are to each other in the ſubduplicate ratio of 2 to a. In the ſame 
manner, the velocity in a, circle at the diſtance. 8E would be 
found equal. to the velocity chat is acquired by falling through 
the radius ES with the gravity at E continued uniformly; Mhere- 
as we found this velocity to be greater than the velocity in the 
F in [les Wy r Ki to. Kh The: a es fi 
the ſuppoling the: gravity, hen Jdeicends in right 
line ES, or , to be meaſured by che flüxion == 
ol the body, or che ſecond fluxion. of. the ſpace deſcribed E. it, 
and at the me time by che right line Tr - fox theſe ſuppobrions. - 
are inconſiſtent, becauſe it is 2 Tr, and not Tr, that mesſares 
the ſecond fluxion of the ſpace deſeribed hy the body, While it 
deſcends, in the right line Q with. a motion unifort J accele- 
rated, as has been ſhewn by veral different methods in art. 24. 


75. N & a The gravity 1s meaſuxed by the increment af 


_ they 115 gene need 3 in a given time When the gravity - 
ene (ard . quentl y, the yelocity:incxeaſes uniform 
5 * by £ the difference of the ſpaces chat would be deſeribed 


; | | that time continued uniformly : pur Te. 1 is e F nal 15 the Half of 
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ad AAS aha. ©. co thia dn e be deſiring. 
Acc 
ede, in order to avoid A rota 1 are hebn⸗ 


1 
2 


ä or MN and Eb, and the 8 in a bel at che diſtance 
___ by mean proportional berwixt ON aad the radius SE. 
.'  »  TH& example welbaye deſenibed may ſerve tothew how miſtakes 
Feten hive/fotnerimes ariſen'in Tx; pplicarion' of this me- 
thoi db YU he Far avoided! © an abe T2 . 
; ar . When a-circh th nor Wie entripeta 


7; and hung motion of the' raj 
In ether caſes, the area def en b. . ray 
: draws from the-cemer the forces'S"'to: _ a e J 


d ieafares the tim ime; but che vel Oc 


_ ti 
* is elch as 
of curvature dt E. 


of this'may be repreſetited 
ody moves in a Tight ine 
| motion ir-ddetibes equal ſpaces on that 
ne ia any equal times; and if 4 fa be ſuppoſed to be drawn 
ways from 25 dody to 4 given point 8 that is not in that 
This ray mall deſcribe equal areas db ut S in any e- 


qual time 3 1. force that acts upon the body at 
- any poine', <brefza towards S has tio effect on the magnitude 
off the aten Win 4 giveti time by the right line drawn 
1 from the body to S: it may accelerate or retard the 
woe of the body; but the area deſeribed about 8 is of the 
335 48 if 30 ſuch; forte had acted upon ft. For, ; 
- EP be-ro EK as the velocity of the body in the direction 
T.is, co the veloc „ produced by the bew im. 
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TM. c os 0 no dei che . 
8 asf it M uld have deſtribed the ſide ET 150 | 
C L upon it ar E, and the triangle SEM is e- 
„be lache ia to de faid of anf furctiive impulles 


vide Sr: is noms always directeck to the ſame center 8 they. 
2 ect-the thearea,. 1 in — 
ime manger e che the body had edetl in the tan 


hs ER. as E continued: uniformly. It- follows. NE : 16.1 wh 
that if "AL. be. che F A, and tbe triangle S ALI be equa | 

PG triangle SEI, then AL.and\ ET would be:deferibed" 

times. by the-motions.a6;A a E continuedwaniformly,: 
Wh e, it S be perpendicular to AL in T the velociry:at” 
E. all be 19.506 nes wy E a8 AL. is to e erty 18 0 
1 is, the ve Wenk siven figure is always inverſe” 

5 erpend cular from nene of: the en onthe” 

| range ut. = 1 20 a0 r rü n ae | 
443. 0 beiten demonfirated from, 4 

it was ſhewn, that if the ſquare. of QR be equal 0 ce hel 


area Na, fo that QR may repreſent the velocity: E e 1 


eo E by. a 


is equal co. the YO ith which . increaſes; 


| fluxion of QR. ſhall be to che fluxion of aQ-a5/ ORs 
The fluxion of, SP is tothe fluxion ef SE or 
: 384. 3 — velocity with Which 


velocity with which SP decreaſas is tc thut with which N i i 
1 fo: 05 and eee en 8 25 5 5 
taine and SF vani Y Prop. 3. W e this 
e Re ariable, 4 M. which meaſures the veloeit 4. | 
E is inver 185 as 1705 perpendicular SP. Becauſe che ares deen 
bed 1 1 55 uniformly and meaſures the time, the angu- 

SE about S Is reciprocally ag the ſquare of che 

„ by art. 149, and if the ſector EST: e geen re . 
1, the ſector ESI will be generated by SE if i un. n. a. 


2 af 
N= 
+ 
7s 


gular, motion about S be continued uniformly in the ſame tine 


that the, area ES Hi 18 deſcribed. by the ray 'drawn from 8 ro”. 
the body. while it moves in the arch EH. The: 6 I 9. 
locity ok t the tangent at E, or ef the perpendicular SP. is to 


the angular velocity or is to 5 and W 26 


as SP4is : 4319 
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poi Dis ans ſhare of 


paſies throu —— by ar ping 
ot ene a roug v y art. 422. 

| ok fore this force is inverſely as the folid contained by Eb ind the 
| dare of the perpendicular SP,” or (becau Eb is to: as the 
=—_ Se ane diſtance. SE to the flurion of the perpendicular 


art. 384 inverſely as a ſolid that is ro the cube of SP. 
Mw . — — 
1 th ertungent at and a 
. 5 portion: | . "The fame force may 
5 8 eee de eevnd flexion of SE con- 
2  fideredas terminate ent Ex and its ſecond fluxion 
| copfideted as terminated ar the curve EH, or by the ſum or 
— ee ae of 
urn yeah is always 3 as the cube of the diſtance 
1 EEE) and te ones ty of SE is reciprocal- 
uare 
Fre. 66 necelerated. or retarded at E in cid ri by he: EB. as in 
1. and by ſeveral other theorems of 
Fe. 191. PP — 8 
inclined. in the. fame angle to the rays drawn to. the center of 
"the ——.— at any emo points, the centripetal forces at _ 
A l as the ſquares of the diſtances. 
9 Ha e eee is the ſame and Wi is. 
to iu che fame ratio in both caſes, the ſolid contained by EB 
— and the quare of 82 is as the ſquare of SE. Thus, the cen- 
.-—  tripetal forces are reciprocally as the ſquares of the diſtances at 
the excremities:of the ſame axis in an conic ſection, when the 
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| _ centetof the forces is any where in that * or in n 4 circle at 
| 4 3 Iulles C as dee thier alle g of” 
3 — 2 * AEM be an ellis * 
n N c 


equi 
dew through E, (b 
2 the mn OE & 


«x £ 


nen. \ 


"0" 
, I 
* 


3 angent 4s invari le. Therefore OE is inverſely as the fo- 
0 100 1 by. the Ede of OP and. En ; and the cencripetal 
—_ diftance' OE. Thie e : deduced 
Som what was ſhewn: in the iceroduRiiony. p. 
the area KMM deſcribed about O (and, 0 L 
| Tn £1 EM is deſcribed) is givet, 
_ invariablegatio to the diſtance OE. The ve 
ſemiciam OK conjugate 10, OE; 
from O on che -tangent 2 E is inveri rely as OK... i”: 'The pe 
time in the ellipſe is equal to the perlodio cime in 2 cit le . 97 1 0 
ſeribed at atry diſtance OE b BY by the . — tal force at E 
if the tangent” Et be ſuppo { equal to N e 5 of - 
circle whole radius is OK, the triangle EO: ſhall be equal 
the area of the e and the periodic time in the eller equal | 
to the time/in-which- Ez Ez would be deſcribed by tlie meien — 
E continued uniformly, by art, 441. but the velocity" at 1 
eee eee he lame diſtance as OK is to OE, 
(by art. 425] or as Es ig to the circumference of the 1 | 
£0 


nſequently; 8 in E, or the periodic time in the ieee 
is equal to e periodic time in the circle. | It follows, that x 
: . times in all ellipſes are: equal (as well as in 
art. 4320 when the centripetal forces are as che diſtances. Let 
OE de aul to OQ., and the wee ee point E equal to 
the W at Would be acquired by falling from 4 o 
then ſhall be equal to AH H the diſtance berger the extremi- 
tles eee ee For, i ad and N e- 
| ntrip a eg AF 434 the 15 
Pp th — ating E in 1 0 1 75 ins 
| circle at the ſamediſtance, or as the . Rot K tothe quare 
of OE; and the ſquare of Oa to the ſquare of OE 'as the fam; 
| of the ſquares e e Tile 6s ON; confe- 
- quently, the ſquare. of Oz is equal to the ſum of the” "ſquares; 
of OR and OF, or to the ſquare of AH. Ting, if a.body. 
be projected ar A in he perp icular to 1 
FFF m a Ls 
deſetibed from the ©» / A with + radia 
8 42 PR 1 Wy K 2 a 4 


* — 


5 l den OA 1 
Ee In che fame manner it is 
tri pal force directed from O is as the 
ur AT deſcribed that has its center in O: and 
as the dime of the motion us meaſured by an elliptical or circu- 
5 e tal force is as the diſtance, ſo it is 


as the diſtance ; 241 is, 12 the meaſures of angles in the for- 
mer caſe, and by the meaſures of ratios in the latter; which 
_ is agreeable to what was ſhewn above in art. 1 59. & 407. 
Pee gh. 6. Let che center of the forces be now i the focus S of 
any conic ſection; let the eirele of curvature at E meet ES in 
B, and BX el ro the tangent at E meet EX perpendi- 
— cular to the fame tangent in X; let XZ be perpendicular to 
I in Z, and X ſhall be equal to the parameter of che 
. the figure, by the Sth property of the circle 
 _ Of curvature, in art. 375. - Becauſe the triangles SEP, BEX 
die Gimilar, the ſquare 0 SPj is to the ſquare of SE as the ſquare 
ä the ſquare of EB, or as EZ is to EB; conſequent- 
os 225 the ſolid contained it Ben ge and the ſquare 5 SP is equal 
the ſolid contained by and the uare of SE. There 
wie, fince EZ is NN az in a given £gure, the centripetal 
woe towards 8 is reciptocally as the ſquare of the diftance SE. 
It follows from what was ſhewn above (art. 424. & 427.) that 
the velocity in the parabola is to the velocity in a circle at the 
fame diſtance as the {quare root of 2 co unit, that the velocity 
1 inthe ellipſe is to che velocity in ſuch.a circle in a Teſs ratio, 
1 aud that rhe velocity in the byperbola is to that velocity in a 
7 Fre. 195. greater ratio The time in Which 2 revolution is completed in 
> an ellipſe, is equal to the time in which a circle is deſcribed by 
the fame centripetal force at a diſtance equal to half the tra 
Verſe zig for the velocity at H the extremity of the Kotter 
4Xis is e qual | to the velocity in this circle, by art. 426. But if 
FHH be ſoppoled 50 be taken upon the tangent at H equal to the 
3 erence of that circle, the triangle HST ſhall be equal to 
the area of the ellipſe, and Vikas periodic time in the ellipſe equal 
fo the time in which HT 50 be deſcribed by the motion at 
Hf continued uniformly in * (by * and, con- 
48 | ſequently, 


meaſared by an hype area when the centrifugal force is 


2 3 SI. Heh whe elliples are deſcribed k by cen 
tripetal forces that are —_— inverſely as the ſquares of the di- 
ſtances from their common ſocus, the ſquares of the periodic 
times are as the cubes of the tranſverſe axes or of the mean di- 
ſtances. And ſince the tranſverſe axis is determined when the 
velocity and centriperal force at any given point in the curye ag 
given, (by art. 447. it follows, that all bodies pr Por from 
a given point in different directions, but with'equa velocities, 
complete their revolutions and returi'to the Finke Point again in 
aqual times. The tranſverſe axis was determiged in art. 47 

The ſhorter axes of ſuch ellipſes are to each other as the er 
pendiculars from the center of the forces on the right lines in 
which the bodies are projected, or as the ſines of che angles 
contained by theſe right ines and the* ray drawn to the center 


ol xhe forees; becauſe the ſquare of 8 ig to the ſquare off SE Fre. 1.59. 


as E is to EB, and (fince'the tranſverſe axis with'the'di 
SE and chord of curvature EB are given) the ſquare'of SP-7 


as the parameter EZ,, or as the ae of the ſhorter axis. TA le 


8E be equal to and the velocity in the"ellipſe 3A 
qual "00 wh — — would be acquired by £ ing 12 
to Q, and'S# ſhall be equal ro the evaniterſs 4458 of the . 
For, let 8h be taken upon Sa equal to SH, and y be che ordi- 
nate of rhe figure aN at h; then, becauſe the 5080 1 H 
in the ellipſe is equal to the velocity in a circle'ar the ſame di. 
ſtance, the triangle 8 ſhall be equal to the area 4h, Kart. 436.) 
or to the difference of the rectangles 8b) and 8%; "conſequent 4 
iy, the triangle 'Sb/ is equal to the rectangle 840 auc 284 is - 
to Sh as V is to ad, that is, as the ſquare'of $4: is to the d — 4 
of Sb; and 8a is equal 18 2Sþ or to the tranſverſe axis o 
figure. - Therefore, if a body was projected E 
from E in the Roti. line SE with its 'niotion ar Ef 
to a diſtance from 8 equal to rhe tranſverſe axis of th 
and the motion with which a ci 4 2 "carry 
the body to a diſtance from 8 equal to the diameter of the ects. I 
If a body begin to fall from 2 in the right line 8, it will be 
Carried to an equal diſtance from S on the other fide 0 
0 — “ 4a * X 
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er iereaſes ry iy proponion as the-cube of the 


5 0 force in the "higher 
| in the fame pro- | 
EE a body cannot exvvolve 2. 
; in to approach towards 
N _ the center 8 when it proceeds from the apfis A, it will approach | 
esche center all it fall into it; or if it be 


. e Finch ty 
dee A would be bo che velocity at 4 as Sa is to SA, (&y 
See a the 1 es elocity in the 


5 N ele at the ſame diſtan et ub the veloi- 
ww in the obi a 4 is tõ the ve it ter -diftance 


3 che velocity in a Sirele at the diftarice- SA; the velocity in the 
bie it @would likewile be leſs ee ee 'circle 
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= bon 8, th e 1 are — — to carry bodies 


in Cixeles about 8 increaſe in the ſame proportion that the di- 


Ml ſtances fromS: 53 y art. 432. therefore the body aſter od 
ic Un nant from the s. (unleſs it mo e in a cirele) muſt ap „ an 
proach continually to t 8 or recede from it for ever, VV 
the figure can have no more than one apſis. When the centri- 
petal force is reciprocally as any higher power of the diſtan _ 
te velocities that are requiſite to carry bodies in circles a 
8 increaſe in a higher proportion than that in which the diſtances 
decreaſe; conſequently, che body after it ſets out from the apſis 
either approaches continually to the center till ir fall into it, or 
recedes from it for ever. Thus it was ſhewn in art. 440. that; 
when the centripetal eee ee 1 
| 9 pee whoſe: ere is LOOP URINE 2H r chat N 3 by any he 


ity that is to 


. the velocity in a \ circle at tha Se, SA in 8 — 
ratio of 24 to 25+ 1, it will fall into the center in a numben 
olf revolutions denoted by 5s. | But when the centripetal force 
is reciprocally as a power of the diſtance vhoſe exponent is leſa 
than 3 che velocity in the trajectory inereaſes while che diftance 
decreaſes-in a higher proportion than the velocity in cireles de 
ſeribed by the ſame centripetal forces, by art: 441. and in'thols _ 
by the 7 85 "ey r to the rn and recede ſrom it | 
5 turns. + ©7453 Ad 
__ + 449+ In general, the velocity in any orbit ee equal e, 
| cho pry d at the ſame diftance' by the lame 
_ centriperal a when the angle ESP is a maximum, or When 
the angle contained by the tangent and ray drawn to the cemer 
of the forces is a minimum, by art. 424. or ſuppoſing ( oo * . 
435.) that the centripetal force at any 5 Sa 1 | 
meaſured by the ordinate QN, and chat the rey * ig 
| 1 which would be acquired by falling from 4 to 
| the area Ma becomes equal to the triangle'S SQN; 4 olds i is; 
if che centripetal force be reci y as the power of the di> 
ſtance whoſe exponent is m, when | the rect e SN is to che 
| N nl as 2 is to SVs n 8 whols 
. . : Expo= * 


| ce e to 
r exam el the centripetal force be 
ory: becomes 


in art, m5), 8 118 Cow. co 
the flu SP is to the fluxion 
8 of ET, or the cube of 
"and that SP is bo Ei in che fn rate; 
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1 5 was 11 above in . & 437. e N 975 05 


fave law) W ſquare-of SE is to the 


"um or difference of any given ſp 
_ a given ſquare--- The — of. the! 


roperty is given, Harmon: menſur. p. 3 1. 
hen 1225 figure conſtructed in art. 3 92. 18 
eue SEO cowards S, this NSA is 1 


whoſe expon ment f 


1 to 1 5 as # 45 3 SP to SL 3 28 SA is to 8 "x 
auch conſequently, SP always as the power, of SL wholy: . 


nent is 3 1 — 2. When any of che 8 
393. Hare deſcribed: ebe been omen, 8, 85 1 the 

power of SL whoſe exponent is 4 += Lk is to 81.1 in an in- 5 
Nes; ratio, and the ſes N | | 5 
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aw 
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451. Let AM be any curve line re be deſcribed by 4 Fre- 1 
Ser that is as the power of the diſtance whoſe exponent is am f 
number m, let the angle ASL. be to AM .as M= ion, 
SL be to SA as the power of SM whoſe exponent-is one half 
of m. T 3 is to the ſame power of SA; then the curve AL may. 
be deſcribed by a gentripetal force directed . that is, 
48 the power of the « diſtance 8L whoſe exponent is = 3. 
The demonſtration may be deduced from art. 394, ur will ap» 
pear more eaſily afterwards. - Thus, if m be - 
_ fively equal to 2, 1 5, % — . —3 „che ene AL may be | 
deſeribed by a centripetal force directed towards 8. chat in in: 
verſely”s as-the power of the diſtance whoſe i 
15, 1, 15 14, reſpeQtively.- The point & is an | 
mon to AM and AL. If B be the other apfis of M and 
the other apſis of AL, the angle ASD muſt be to ASB as -K. 
4s to 2 by the conſtruction: Therefore, f 4 —3 be 


equal to n, and N— 3 * to — SER: the 
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a of" Medium. 
— by 82 and che are which meaſures 1 Midwich "of the 
Aae of E (chat is, the folie contained by"SZ, 2Et and EV, 
= by ar gg 'or the Blid:contalned by 8% EK and EV, 25 2 
8 is to 8 as EK is to Etz) and the e „ 
ſquare: of EI and the flurion of 82. From which it 1 : 
that this laſt ſolid is equal to the ſolid contained by $4, 2 
and ER; but that the fluxion of 82 is or that 8Z 
| muſt decreaſe While the body approaches to 8 in the arch EM 
and che ray SE decreaſes. Therefore, if Z meaſure the flu- 
Lion of 82, che rectan coonined by ls and EN hall be 
© 46 the'ſquare of EI as is to ER that mealures the refiflinee 
at E; und, becauſe E/ that meaſures the velocity in a void at. 
1 always inverſely as SP, it follows, that the reliftatice at E 
is directly as Z the right line which meaſures the fluxion of 
82 and 1nverſely as the ſolid contained by the ſquare of SP 
and EN the right line that meaſures the fluxion of the curve 
AE. When the direction of the motion at E is in the r line 
Ee chat forms an obruſe angle with the ray SE, the vel = 
retarded by a force that is to the'centriperal force EK as EV is 
to EN, ad et the fame de bi the iſtunce ER; und ir will 
appear in the ſame manner, that the refiſtance ER is dite s 
Zs and inverſely as che ſolid contained by - 7 - 
and EN, but that in this caſe 82 mult decreaſe — 555 
Sk increaſes and che body recedes from che center. Norems : -- 
body move in the trajectory, either by p ing from E to- 15 5 
Wert N or war, A; wide SZ. begin to decreaſe from the 
moment when the body ſets out from If the area ASE be 
| ſuppoſed to flow uniformly, the fluxion'of the curve AE thalt 
coincide with the velocity by which it is deſcribed in u v 
| (by art 441.) e the wo may tupp EI equal to EN; and 
282 ſhall be to EN as Za is to N, or the reſiſtance ſhall 'be 5 
| always as the rectangle contained b "the right Unes that me- 


. 


with prop 9, par 3. Doſrig cor of 825 and Ul ity | 
Wi 23. 2. cribt. cur. 83 7-4 „„ 
i 255, i ſe EK is to 222 as the ſquare of E/is't at 
angle contained by 28s and EN, and the ſquare of EE is f®s 
the ſquare of E 4s SZ is to Sa, ER is te Zs as the quare of _ 
e * — EN. Theretorethe 
B b „„ 


A 


* 


| bene lirefly and the ſquare of EL. inverſe- 
* as 2 directly and che reftangle S Abr 82 and 


Sk in the ratio cc 0 


5 ratio 


rem eee if the curve AEM be extended 
and the ordinate at E be always equal to SZ, 


5 : 3 Aeby at E ſhall be always rg v. as the lubtangent of | 


fi 1 "Wt | | 
7-3 AEM be any trajectory that can be deſcribed in a 
8 by a centripetal force that is Eu as any power of the 


7 diftance SE, and let it be deſcribed. in a medium by a centri- 


petal. force that is likewiſe inverſely as ſome power of the di- 


- Rance'SE; e gp arr} rpendicular-to SE meer the tangent in T, 
and the denſity ſhall 
ET. For a” Ek and EK be inverſely. as the powers of the 


be always inverſely as the tangent 


-diftance whoſe e xponents are » and m reſpeCtively ; then SZ 


mall be always as. chef wer of the diſtance whoſe exponent is 


#—#m, and Za the fluxion of SZ. ſhall be to the fluxion of 
pounded of that of 82 to SE and that of 


n to unit, b y art. 167. therefore the denſity ſhall be in- 


1 verſely as a right li that is to SE as the fluxion. of the curve 
AEi 1 chan the fluxion of me my” SE, that! is inverſely as the tan- 
gent 


The reſiftance at Ei is to the Serena force i in then me- 


3 
: dium ar E as the rectangle contgfned, by one half of Eb and Zz 
- 8 to the rectangle contained by EN and SZ, or 8 35 


is to SP as the fluxion of SE to the fluxion of SP, by by ant. 384.) 


in che ratio compounded of the ratios of SP to 282 of 


Sand of 2a to che fluxion of SP. For example, if che tra- 


= jectory be the logarithmic ſpiral, and EK the centripetal force in | 


the medium be e as the power of the diſtance SE whoſe | 
exponent is ar; t ince Ek is harry the cube of the 
diſtance SE, . wat muſt be as the power of SP-whoſe exponent is 

3— m, the fluxion of $Z, muft be to the fluxion of SP-in-the 
unded of that of SZ to SP and that of — m to 
unit, by art. 167. and the reſiſtance to the centripetal force in 
the ratio c rided of that of PE to SE and that of 3 — 


to unit. The body cannot deſcend towards the center S in this 
fFiral unleſs; be greater than m; and if it aſcend in the ſpi- 
Ii 2 1 a be „ 5 * 82 muſt decreaſe 1 in both 


caſes, 


the curve to the velocity in a circle deſeribed in a void at the 


I 1 = - 6 in is inverſely as. ET c or 7 * 5 8 
f n 5 a8 on ſhewn by Sir Isaac. NEWTON, Princip. lib. 2. prop. 1 5. 
and by Mr. BezNovLL1, em. de Þ Acad. Royale des Sciences 


e ſuppoſe the trajectory to be one of thoſe Fro. 170. 


7 firuRted in art. 392-or 393» and be ſuppoſed equal — Lone LA In N 


in the former, or to 3 4 2 in che latter, 82 will be yy ie 


7 wer of the diſtance 2 7 exponent is y- by. art. 4 2) 
” Ly SP as the power of the diſtance whoſe exponent is one 


' of r — T. Therefore (by art. 167.) the reſiſtance at any point x Bat. 


L ſhall. be to the centriperal force at Li in the ratio com 1 8 „ 
of that of LP to SL and that of - tor — I. The bo- 


du cannot approach to S in any of thoſe figures unleſs 7. be 
greater than m, and it cannot recede from 8 in any of them un- 
leſs r be leſs than m. The reſiſtance and denſity vaniſh at che 
| apſis A in theſe figures, or in any of thoſe that can be deſcribed 
in a void by a force that is as any power of the diſtance. It 
was ſhe wn above, 12 429.) that the ratio of the velocity in 


ſame diſtance. by the ſame. centriperal force is always the * * 5 


when the curve is deſcribed ig a void. "EP 8 ; | 
436. If the centripetal force at in parallel lines, let AD. EET 199 | 


pendicular to thoſe lines low uniformly; and let DZ be now 
do a given right line Da as EK, which meaſures the centriperal 
force in the medium at E, is to Ex that meaſures the centti 
for in the void at E or the ſecond fluxion of the ordinate 
DE (by art. 418.) and, the reſt remaining, the reſiſtance ER 
will be to Za as EN is to 202. If the centripetal force in e 
medium be ſuppoſed uniform, the rectangle contained by 1 


; and Ek, muſt be inyariable, and the fluxion of DZ to * 3 Fu 


xion of Ek (or the third fluxion of the ordinate DE) as DL is 
to Ek, (by prop. 3.) by as the rectangle contained by EK and 
Da is to, the. 1 1% 0 El. eee the 8 ER is to. 


of the ordinate DE | is to twice the de E chr mealurs 
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e eee Tg e E n 
e medium is to the v che vold erthe ab pit 3 
cate o of TR to Ek, and the denſity of the medium at E is 
ede XX '66-the lation" of the 
eve is 10 ide Bur 8a of Ek, or as the right line that meaſures 
3 T, 2 the third fluxion of the ordinate DE directly and the 
- contained by che Tight lines that meaſure the fluxion of the curve 


the reſiſtance and denfiry of the medium may be compured when 
_ the nature of the curve is Known; but they may be repreſented 
in the followin Rs manner. RES 
that the rectangle MTK-i is 4. 
to the ſquare of ET, that BY the tangent of the 


PE — be deſeribed by an uniform gravity that acts always 
mes parallel co EB, in a medium whole reſiſtance is as its 
1 5 n ugre of the velocixy of the body together, the 
TDZ 2 at E' ſhall be to the gravity as 3EB is to 4EV, and 
= the defy of the medium ſhall be alwa ee e fn 
=—_ 5 gent EV. But if the reſiſtance be ſup jo be 59 the Geary 
and velocity together, let the angle E, de made equal to EB 
5 onthe ſame fide of EV, and Vs meet EB in u; then the den- 
Fre. 15k ge ee as 5 Let the figure, for example, be 
© - - any conic f the center, EG a chord in the direction 
of the gravity ler the angle EOk be made equal to GET and 
Or meet Ee in , and the reſiſtance ſhall be to the gravity as 
Or is ro 0E; and if the tangent at E meet the ſemidiameter 
that bie EG in V, the depſiry ſhall be inverſely as EV: 
for, ſince the triangles Eh, OF are fimilar (by the 5th pro- 
| Ferry of the circle of curvature, art. 3 87 EY is to E as OL 
to OE, When the ſection is a circle, Ot becomes perpe ; 
lar to Ez. When the ſection is an hyperbola and B is & 
lel to ove of the afymptotes, che tangents B and ET ay 
each other in chat al at V, P 
o 2A V. When che tangent in any figure 
. mes pe gular to EB the direction in which the gravity 
BE 5 acts, rhe ratio of the refiſtance to half t inlet Go rigs ame 
ee ich Sir Tac Newrox calls the i ä 
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_ and the ſecond fluxion of DE invetſely. By theſe theorems = 


3 or YL ratio of 11 linda 5 ray e 


ds the fluxion of the curve. In computing the reſiſtance of the. 
medium from the ſecond and-third-fluxions of the ordinare, or. 5 WS: 

 _ the right lines char repreſent them, regard muſt be had to C 
was ſhewn of theſe fluxions in chap. 4. and art. 28 in wee . 


1 8 avoid miſtakes like to thoſe deſeribed i in ait. 440. 


ME "a When the gravity acts in parallel lines, and 1 is eirhexFre IG.1 198. ; 


orm or varies as any power of the diſtance from a given 

: plans GH, and AEH is any trajectory that could be deſcribed - 
in a void dy a force that i is alſo as any power of the diſtande 
from GH, the denſity of the medium at E is always Fand by 

af the tangent ET terminated by the p int of con 


: median. that has no reſiſtance, by a force that acts 
right lines (as EN) perpendicular to GI and in the plane 
the trajectory. | Upen E that is parallel ro GH 15 80 
fo as always to repreſent the force at the diſtance CQ (or av 
from GH; let AD repreſent the force at the diſtance CA, ED, 
: che velocity at A be ſuch as would be acquired by falling 5 1 
ö * A with an uniform gravity: equal to AD; complete the rect 9 HR, 
angle A Da; and the velocity ar E ſhall ber to the r . 
75 2 in 1 the ſubduplieate ratio of * area e 10 the rectangle 
2b. Let AK and EF parallel to GH and equal to each orher 
5 repreſent the conſtant flaxion of OF: let KI. and PR meer the 
$20 ents AI and ER in I and R; Jer 4b be to a as the ſquare. 
def AK te the ſquare of AI, and by: parallel ro AD meet Di in 
2 then ER ſhall be to AI as the velocity at E to the velo- 
city at A, of in the ſubduplicate ratio of aQNd to ; con- 
Ps ſequently, PR is to EP, or the fluxion of the ordinate EM 10 
the fluzion- of the baſe: CM, in the ſubduplicate ratio of the 
© area bQNDy to the rectangle 2g; and hence the conſtruction 


of theſe trajectories may be deduced when the law of the force 


is given. For example, When the force is inverſely as the cube. 

of the diſtance from GH, the trajectery is a conic ſection. 
When the force is as the diſtance f om GH, let A be : the apſis F16. . 

of the trajectery; ron 9 always in the: ſame ratio to the 


, * whole: coline is (e * * as al is te 


one 


= GHi in T. The demonſtration is ſimilar to that of art. E 
479. Let AEH be any trajectory deſeribed in a _ 1 1 , 
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| 3 | diſtance 4 9 2 
b parabola, that has its culpis at H 10 that C is to a 
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1s equal to the ſolid contained by che Muare of 


- F and a third proportional i to ab and CA. It is conſtruct- 


0 - * 7 4 
+ > * apts 
* : _ Ent 5 * 3 . x; 
» x ic 4 « * N = 
N * * 2 7 7 o 4 - 2 
3 2 > 3 + 5 


> « 
— 


3 
4 


8 „„ * 


« 

2 
- 
* 


e en 


5 
* 
W 
7 
4 


ne area when, Ch is greater chan 2CA.. In ge- 
time 1 ys A would des 


PS; 
* 


75 


4 
2 


" I . 88 A : 3 


„ 460 The fine. the angle MER. is o che fine of CAI in che 
ſame ratio,. when the yelocity at. A with the diſtance AQ of the 
irallels AK. and is given, Perpendicular 
JH or QE is che fame at the 5 1 
to AK as the radius to the fine of:the angle AIK, or Cal, 
e 28 dhe radius to the fine the angle MER; 
n e MER is to the fine, of 
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N any given medium chat acts upon it in parallel lines per- 
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3 1 200 hen Prop. 94-183 95. lil. 1. Princip. If we Rk the ray to 
eee from-E towards A, and che an 
ill ies fine de to the radius in the ſabduplicate ratio of =. 


e MER to be increaſed 


che angle CAI will become a right one; or A will be the 
„„ 3 | ic Mp ay be reflecte from A 
as, after returning or the ri E) t e to emerge in 

ual to the angle of ir SC: 7 7 
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as to move neither way; then if a 


iv — 0 CI meet a — AKB 4 is . 2 5 
 CH:inV;; and the ſame traſectory will be deſcribed as when the 1 
ody is projected in the plane MB with the velocity AV, and 
_ gravitates/tawards'C: by a force that varies in the ſame. manner 1 
as the force towards the axis CH, while the plane AKBCi at —_— 
the ſame time carried 2 CH with the velocity IV. 02 42 | -. 
_ - +46 Hitheno: we have ſuppoſed the forces to act in right lines | 
that meet / in one given point, or are perpendicular to one given 
right: ne, Len us now. ſuppoſe that centriperal forces are di- 
rected towards any number of fixed points, and that the force 
2 is always the ſam̃e at the ſame diſtance from it; 
then if a body move from A to E, the velocity ar E ſhall be che Fre. 20. 
fame hether it move in any curve line AZE or in the chord e 
AB if che velociry.av. A be the ſame in both caſes... For by „„ 
hat ne ſhewu in art. 43. f. the ĩnerement or decrement of the 
. generated by the Fore ditetied, towards any one Sen- 
ter C13 the ſame whether-the-body move in a curve or in a 
light line from A to E, if it ſet out from A with the fame velo- 
city) and ben any number of forces directed towards ſeveral 
centers act upon: the body the ſquare of the velocity at E is 
meafured by! the the fame dis wy ethe the. ou 
e in the curve AZE or Send AE. 
46g. Let AZE be fuch a ſurface chat when a body RS 
upon it the actions of all the centers towards which it is attract- 
ed ballance each other, and the body is ſuſtained by the ſurface ſo 
ody attracted towards thoſe 
centers in the ſame manner move in any line that meets this 
ſurface in A and E, its velocities at theſe points mall he equal; 
and if a body moye from any given point with a given velocity 
and arrive at this ſurface, its velocity when it comes to this ſur- 
face will be always the fame. Hence che proper reſolution is | 
deduced of a project for a perpetual movement mentioned b 122 
celebrated * A loadſtone at A is ſuppoſed to have a 2 16. 202. 
ficient foroe to bring up à heayy 1 along the plane FA from = «0 
F to B, whence the body is ſuppoſed to deſcend by its-gravty — 
| 3 we curve BEF till it return to its firſt place F, and thus 
to riſe along the plane FA, ar aſcend: along the curve BEE 
2 27 * continually 
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5 5 e body would billlzncs each an, this e all 
meet BEF ac femme point BE! bet wirt A and F, and che body muſt 
mo in dei along AEF ur che Point 1 E. See Wit : 
25 — Book II. Cap 6 . 13. 7 ð 2 ; 
Fro.207. 464. Let E be a tr trajectory deſcribed: by Wreus directed 5 
5  towntds the centers O and 5, the ſquare of che velocity at A be 

y the rectangle 2D, and the forces nat A towards 
y the ordinates AD and Ad p jeular to CA and 
ivelyy let CQ and 89 be takt upon CR and SA re- 
e SE, — ordiliates'QN, gn al- 
eſent the forces towards C and S at the Diſtances CE 
8E chen if the ſquare'of V be equal ro 'twice the ag- 
b Dy; and Aqnd'joined with their 
ag ar E. And in the 
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. en | 


he-angle ual to EBD, EB to. 
as ER to EK, and che ater nnd oh ER equal to EEK. 

Has, i KP: be perpendicular tothe tangent at E in P, the 
A EY end FR. moor TE feat is drawn fen nal to 

any ved point n za bon ke 


F £'T) in 4 the be . Ex and half 
| the chord ee ce | hat | 


be equal to 


-any fixed point, TC the! baſs of the! tho, 
_ and "perpendicular 70 TC; fer EM rhe: ordinate from E 
weer thie baſe in M and EN parallel to the baſe meet TA in N; 
i . — 
3 | WE: . 


ſecond fluxion of — ordinate ſhall be always . by 
' KH, and the ſecond fluxion of the baſe by EH, or KL: That is, 


if While E deſeribes the trajectory, EM and EN be Auge 
perpendicular to TC and TA in M and N, the powers by which 
the motions of the points M and N are accelerated or — 5 — S 
t equal to V, and I parallel to TA meet EN in I, that 
E, EI and Ir may meaſure che Auxions of the: curve bali und - 
ordinate, e Let it meaſure the ſecond fluxion of the 
ac O to be the center of curvature, let O 
| eee to EM in m; and K being perpendicular to 
Ez, let Pz be perpendicular to EN in z- Then the ſecond flu-. 


ſhall be meaſured by EL and EH. For let Ee be taken 


ordinate, and ſuppo 


” xion of the curve (or the power chat accelerates the motion of 
E) ſhall be meaſured by EP. The rectangle contained by OR 


and Ir is e equal to that which by contained by Om and Ez, and- 
88 55 fluxions of thoſe rectangles are equal, and While 
eaſes Om and It decreaſe) — e Fray [. 

by 


5 and Ex is equal to the ſum: of the twW o 


Om and Ef, and by OE and rr. By che 1 anicle KP is to. 

= or V) as'Er:is to OE; and the ſum of KH and Px is to K 

| Ito Et; therefore the Sum of the two rectangles contain- 

ed by OE and KH, and by OE and'Pz, is equal to the rectangle 
contained by EIL and Es, or to the ſum of the two rectangles 
contaĩned by OE and it and by Om and E; but 3 | 


the ſimilar triangles OmE and PzE) the 1 gle contained 
OE and Px is equal to that which is containerl 25 Om _— 
conſequently, the rectangle contained by OE —. KH is 
to the rectangle contained by OE and it, and KH is eq 


tt which was ſuppoſed to meaſure the ſecond flunion 2. Hig ie = 
dinate EM. In the fame manner it-appears that KL, or EH, 
meaſures the ſecond fluxion of the bale TM. This: cheorem " | 


holds, not only when the angle MTN is right, burwhen 1 
TME and TNE are any given angles, providing RL pa 


to TC meet EM in L, and KH parallel to TA meet EN FH, 


for KH will always meaſure oo ſecond fluxion ns 7 and KL. 
1 ICY flaxion of TM. F 88 8 N 2% 8 N LL ng 
CEES 466. This 
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4 pr if 
fuls Howl the pron; Ponge/ —— ee ; 
and is reſolved into the forces EH and EL parallel to TA and 
respectively, the ſecond fluxions of the ordinate EM and 
bale TMaremeafured by EH and EL reſpectively, may be ad- 


mitted without this Proof. For if en the motion at E 


mn the direction E into a motion El in 2 right line parallel to 


TC, and a motion Zi parallel to TA, 1 may conceive the bo- 
dy to Aged in the right line EN with a velocity EI that is 
5 E e the force EI, While the right line EN moves 
Paralle le TA wich a velocity. Ei that is retarded 


the 3 bod thus it may appear (as in art. 418.) that 


. Ee EH ee the ſecond fluxion of EN, and the force 


E the ſecond fluxion of EM. The poſition--of EH. and EL 
Erve: :Fkewiſe to ſhew whether theſe ſecond fluxions are to be 
© red as affirmative or negative: thus when TM decreaſes 
and EM increaſes, and EK is within the angle MEN, the ſe- 
ond flunions of TM and EM are to be both conſidered as ne- 
e be within the angle i EN, the ſec: nen | 
A ENI is co be conſidered as poſitive- . | 
+7: 467. This principle being admitted, Gent 4 — 
in che piectecling articles may be readily demonſtrated from ir. 
Thus if the force EK be directed towards any fixed point that is 
ay where in the right line dn EK Will coincide with EL, fo 
that EH-willyanith 5 conſequently the centripetal force will be 
meaſured Hy the ſecond Serine the ordinate EM When TM 
flows uniformly, as in art. 443. When the force is directed 
1 the fixed point T, che area deſeribed about T flows 
_ or the fluxion of the area C TE is invariable; for the 
is Half the ſum of the areas CME and CTNE, the 
_ of which are meaſuted-by the rectangles IM and iN, by 
prop. 4. The fluxion of the rectangle IM is meaſured by the ſum 
of the teci ge HM and Ii, and che fluxion of iN b the ſum of 
the rectangles EN and Þ, by prop. 3. But while CM and ME 
Increaſe, and.It decreaſe; conſequently the ſecond fluxion 
_ ofthe area CTE (or the fluxion of the ſum of the rectangles IM 
and iN) is meaſured by the exceſs of HM and 1; above LN and 
1 mack oe * che exce of HM above FOO ox of KM above 7 
But 


To ee er ulys 3 5 W 
LS W "of. the firſt book: of Sir 144% Nawe aui J * 
Wo and was demonſtrated aſter his method above in ar f. and 33 
1 * a manner that differs little from Mr. Hz AAN I in ar 44. 
468. In general it appears that the ſecond fluxiom of the area | 
CTEi is meaſured by the exceſs of the rectangle KM above RN | 
or (if EK meet TA in V) by the rectangle contained by K... 
pars. TY; and the fluxion of the area E igcrealesordecrex - 
ſes according as EK is on the ſide of E to] ᷓx d which the hh? 
dy moves, or on the oppoſite. ſide. The theofem in art: 431 Fre. 203 · 
247 be likewiſe made more general) for let Eu be a cirels des n. 2. 
ſcribed about the center T, and che uniform angularivelocuy of 
Tu be equal to the angular velbæity of ITE while Emovesinthe 
: ſoy; Let 15 2 1 the! yan x; and 
meet I ndlicular to I i in the | 
line TE that. Ile be always.equalito Ts then (N Af) "£2 
the ſecond: Auxion, of Te on Tx) ſhall py ——- ä 
of the ſecond flaxions of h and pu hen N and 4 „ | 
ther from E. But if Ky de derpei e "il _ B 
meaſure the ſecond fluxion t par that: term; and 4 i 
Which the Sitele Eu.is-delonbediabour T. 1 5 1 
ſecond flux ion of pu at the fame! term, by art 4a. 22 15 
which it follows; that the force by Mhich che moro 9 
accelerated or retarded, when it ſersa out from E, i equalto 3 
 _ _ dillexence. of che force Ey and the. force by which theicizcle Ks 
is deleribed; about T, or che centrifugal e ariſes: from 
the circulatory motion of E. about I Of this principles ſee 
thi Ln aj b Moors motion! according-to gravity, P. 65 & 66. ; ä 
469. We ſuppoſed the trajectory deſeribed by E ro'bean.ons —_ 
plane i in art. (466; & 467 Far Gmllar coneluſions are calikyde- | 
_ "duted when che trajectory De is not in one plane. In chis cage Fre. ao 2:7 
let CE, be the orthographic projection of the trajestory on the a "0 
plane CTA, or E be always perpendicular from the trajectory 2 | 
to CTA in E, and EK be the prajection of the tight line ge . 
yhich zepreſents the force that teſults from the action of the 
ſeveral centers upon the body at e with its direction. - 
ſecond fl * BA and EN ſhall be meaſured: by 
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| 2 E, .and let che velocity at D in the direction parallel to 
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„ rom R to G with an uniform gravity equal to the force 

en in general, ler thele velocities be ſuchi as that half the 

bare of each may be meaſured by the rectangles EH and Ga, 
acconding to art. 434 Suppoſe likewiſe that While the body | 

| mares Bm D 0627 'TM dee a that EM increaſes, and 

| LL pb eepgh e ME Then the ſquare: of the 

5 y of M (or of the flexion ofthe baſs TM) fal dener. 

nd by adn, and the ſquare of the velocity of N (or of 

ordinate EM). by 2Gs — 2GNap. + For let 

re Ei e Ee velocity of M, or the fluxion of CM, and the 

: | 1 (or ſecond fluxion of CM) being mea- 

| e o e e . 50 it follows chat the fluxion 

Ss a My is equal to the fluxion of 2BMfb, and that 

eee eee 2BMmfb. In the ſame manner the 

ee of the velocity of N is meaſured by 264 — 20 N ug. 

And the flaxion of the baſe T'M is to the fluxion of the ordinate 
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